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Introduction

This book is based on notes for lectures given at the Mathematical Institute

at the University of Oxford over the three years 2004—2007; as a graduate

course both in 2004—2005 and in 2006—2007, and as the undergraduate

course Introduction to Modular Forms in 2005—2006.

This book

This book focuses on the computational aspects of the theory of modu-

lar forms much more than most other books do. It is designed to be an

introduction to these computational aspects of the theory. Computational

algebra packages like Magma and Sage can (for instance) compute Fourier

expansions of modular forms and modular functions to an extremely high

precision; this book will hopefully help the student to use computers to

deepen their understanding of modular forms and number theory.

It also gives a grounding in the theory of classical modular forms, start-

ing with modular forms for SL2(Z), and progressing to modular forms of

higher level, modular functions, half-integral weight modular forms and

mod p modular forms. The two aspects are intended to complement each

other, each helping to motivate and inspire the other.

Possible courses

The courses that this book is based upon were all 16-lecture courses, given

over one Oxford term. The undergraduate course was given to final-year

undergraduate students and to students taking a one-year taught Master’s

course.

1
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2 Modular forms: a classical and computational introduction

This book concentrates on the computational aspects of the theory of

modular forms, but at the same time also gives a grounding in the classical

and theoretical aspects of modular forms. We now list some possible courses

which could be given based upon this book.

One possible way to give a course using this book would involve teaching

students essentially only about modular forms for the full modular group,

as [Serre (1973a)] does, in a broadly “traditional” way. This could still

include interesting arithmetic, such as a study of the Ramanujan τ function

and the j-invariant, but avoids the complication of higher levels. There

are some projects in the computational chapter which could be used to

stretch the more able students and also serve as inspiration for end-of-

course projects, especially for beginning graduate students.

If the instructor has more time, then the theory of modular forms for

congruence subgroups of SL2(Z) could also be introduced. This would

allow the introduction of many well-known modular forms, such as those

associated to elliptic curves, many η-products, and theta functions. The

work of Wiles and Taylor in proving the modularity conjecture, and hence

Fermat’s Last Theorem, is of great public interest, and the general concepts

of the proof can be presented.

Another possible course would be one focused on introducing students to

computational number theory, using modular forms as motivational exam-

ples. This might include teaching students about Magma, Pari and Sage,

as well as giving them an overview of the history of computation. End-of-

course projects for this course could include more or less programming to

suit the instructor and the level of the students. The graphically inclined

could write programs similar to those of Verrill [Verrill (2001)] to create

pictures of fundamental domains, or use the graphics creation facilities of

Pari and Sage to create other graphics.

A third possibility would be to teach a course dealing with theta func-

tions, starting with their history (see, for example, [Glaisher (1907a,b,c)],

for early computational results) and continuing to modern-day work. This

course could balance theoretical work showing that theta functions really

are modular forms with computations of explicit theta functions, and more

advanced students could read books like [Miyake (2006)] which give more

details on this subject.

The instructor could also teach a course emphasizing the applications

of modular forms in number theory and elsewhere. It is important to re-

alize that, despite their definition as holomorphic functions from H to C,

modular forms have a rich number-theoretic theory, and Chapter 5 gives a
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Introduction 3

sample of some of the many and varied results that rely on the theory of

modular forms.

An overview of this book1

We encourage the reader of this book to use their favourite computer alge-

bra package (such as Magma or Sage) to compute examples as they read,

to help them develop their intuition. The best way to learn how to use such

a package is to experiment with it to find out how it works; Chapter 7 gives

an introduction and brief overview, but there is no substitute for hands-on

experience.

The chapters cover the theory in the following way; Chapter 2 gives

the definition of a modular form for SL2(Z), and prove that modular forms

exist (which is not obvious to the newcomer to the subject). We also define

fundamental domains and modular forms for congruence subgroups.

In Chapter 3, we consider modular forms as complex-analytic objects,

and use this aspect of their character to prove that spaces of modular forms

of a given weight for a given congruence subgroup are finite-dimensional.

Following on from this, in Chapter 4 we introduce the Hecke operators,

which are linear operators acting on spaces of modular forms, and prove

results about them. We note that these operators explain the recurrence

relations that the coefficients of ∆(q) satisfy, for instance.

We then apply the results derived in these chapters in Chapter 5 to a

variety of applications, such as Fermat’s Last Theorem, computing digits

of π, and computing the number of representations of integers by quadratic

forms. We also introduce the concept of mod p modular forms in Chapter 6,

give structure theorems for mod p modular forms, and talk about Serre’s

Conjecture, which has been proved very recently.

Finally, we consider the practical side of computation in Chapter 7; after

giving a brief introduction to the history of computations in the world

of number theory, which includes such highlights as the Lehmer bicycle-

chain sieve, we introduce the computer algebra packages Magma, Sage and

Pari, and briefly touch on the theoretical side of computing in mathematics.

The book ends with appendices containing examples of code for the algebra

packages discussed in the text.

1Many books have a section of this nature. We note that [Lamport (1994)] is one of
the very few that has a section called “How to Avoid Reading This Book”.
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Chapter 1

Historical overview

The study of the history of mathematics will not make better
mathematicians but gentler ones, it will enrich their minds,
mellow their hearts, and bring out their finer qualities. —
George Sarton.

We will introduce historical topics in the main text as appropriate; in

this chapter we will give a broad outline and overview of the history of

research in the area of modular forms, in order to give a grounding in the

subject. In Chapter 7, we will give a historical account of computation

in number theory generally, with an emphasis on modular forms-related

topics.

1.1 18th Century — a prologue

In [Hellegouarch (2002)], Section 5.1, a brief summary of the history of mod-

ular forms is given; he begins with the work of Jakob Bernoulli1. His book

Ars Conjectandi, published posthumously in 1713, contains theta functions

such as

∞∑

n=0

mn2

and

∞∑

n=0

m
n(n+3)

2 .

These will turn out to be intimately connected to the theory of modular

forms.

We note that although there are arithmetic functions which play a role

in the theory of modular forms which were considered long before the time

1He is also known as Jakob I Bernoulli in the literature; there were many members of
the Bernoulli family active in mathematics.

5
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of Bernoulli, such as figurate numbers (which we will meet again in Sec-

tion 5.10), they were not studied in the context of modular forms.

Theta functions appear also in the work of Leonhard Euler, in connec-

tion with identities for the partition function. Let p(n) be the number of

partitions of n; in other words, the number of ways that we can write an

integer n as a sum of positive integers. For instance, 2+2 is a partition of 4,

and it can be shown by explicit enumeration that p(4) = 5. It has long been

known that p(n) goes up very quickly as n increases; in the early years of

the 20th century, Percy MacMahon proved that p(200) = 397299029388 us-

ing a recurrence relation (see [Hardy and Ramanujan (1917)], Section 1.7).

Euler proved, amongst other things, that
∞∑

n=0

p(n)qn =

∞∏

m=1

1

1 − qm
.

We will see in Chapter 5 that the right-hand side of this is essentially

the reciprocal of one important building block for modular functions, the

Dedekind η function. The equating of power series with infinite products

will prove to be a recurrent theme in the theory of modular forms.

1.2 19th century — the classical period

Carl Jacobi developed the theory of theta functions and used this to prove,

amongst other results, the following theorem (“Jacobi’s four-squares theo-

rem”):
( ∞∑

n=−∞
qn2

)4

=
∑

a,b,c,d∈Z
qa2+b2+c2+d2

= 1 + 8

∞∑

m=1

∑

d|m
4∤d

dqm.

We will see later that this can be interpreted as an equality of modular

forms of level Γ0(4) and weight 2; indeed, once the correct machinery has

been set up, the proof will be very short.

In the later 19th century, Felix Klein used function-theoretic methods to

investigate certain modular functions; for instance, the j-invariant, which

we will define in Chapter 4, is also called “Klein’s absolute invariant” or

“Klein’s modular function” in older texts, because Klein defined it, gave an

explicit formula for it, and showed that it was invariant under the action of

the modular group SL2(Z). The j-invariant is used in the theory of elliptic

curves, which we will briefly touch on later, as an invariant; it classifies

elliptic curves over C up to isomorphism.



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

Historical overview 7

1.3 Early 20th century — arithmetic applications

In the early 20th century, Srinivasa Ramanujan studied the explicit Fourier

expansions of certain well-known modular forms, such as the ∆ function,

given by

∆(q) := q ·
∞∏

n=1

(1 − qn)24 =
∞∑

n=1

τ(n) · qn,

and made a famous conjecture about the rate of growth of τ(n), which is

known as the Ramanujan τ function. We will discover more of the proper-

ties of the ∆ function throughout this book. He also generalized Jacobi’s

notion of a theta function, as well as discovering a new family of similar

objects, called Ramanujan mock theta functions.

At about the same time, G. H. Hardy and J. E. Littlewood used results

on the growth of Fourier coefficients of modular forms to bound rm(n), the

number of ways that one can write n as the sum of m squares. This extends

the work of Jacobi mentioned above; for n even, one shows that

∞∑

n=0

rm(n) · qn

is a modular form for Γ0(4) of weight m/2, and then uses results about

the size of coefficients of modular forms to obtain bounds. We will see in

Chapter 5 how this works, and also consider the question of what happens

when n is odd ; this leads us into the fascinating world of half-integral weight

modular forms.

In the 1920s and 1930s, Erich Hecke worked on the Hecke algebras asso-

ciated to spaces of modular forms, and considered linear operators acting

on spaces of modular forms; we now call these the Hecke operators, and we

will consider the theory of these operators in Chapter 4. These general-

ized in a very useful way the observations of Ramanujan that the following

formula holds:

τ(m · n) = τ(m) · τ(n), if (m, n) = 1,

and, if p is prime,

τ(pk+1) = τ(pk) · τ(p) − p11 · τ(pk−1), for k ≥ 1.

We will see using results from Chapters 3 and 4 that these identities follow

because the space of modular forms spanned by ∆ is 1-dimensional, so it

is automatically an eigenform for the Hecke operators.
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In Bryan Birch’s memoir of Oliver Atkin [Birch (1998)], he says that

“[a]t the beginning of the century, modular forms were a vital branch of

mathematics, as they are now; but between about 1930 and 1950 the theory

was completely (if wrongly) out of fashion”; in the Foreword to Serge Lang’s

book on modular forms [Lang (1976)] the hiatus is attributed to the effects

of the Second World War and interest instead being directed to “algebraic

methods” in the theory of numbers.

During this period, there were some mathematicians still working in the

field; Birch and Lang both mention Robert Rankin as the only person in

Britain working on modular forms; he continued the study of the arithmetic

properties of the Fourier coefficients of modular forms that Ramanujan had

begun. We will prove a special case of one of Rankin’s results at the end of

Chapter 2.

In another direction, Atle Selberg considered non-holomorphic ana-

logues of modular forms in [Selberg (1956)], which are called Maass forms.

One recent application of these is to the theory of partitions; [Bringmann

and Ono (2007)] show that the number of partitions of a positive integer

can be obtained by considering a certain Maass form.

1.4 Later 20th century — the link to elliptic curves

Ramanujan had conjectured that, when p is a prime,

|τ(p)| ≤ 2p11/2.

This conjecture was generalized by Hans Petersson to consider all modular

cusp forms, and was proved by Pierre Deligne in the 1970s as a consequence

of his proof of the Weil conjectures on algebraic varieties over finite fields.

In the 1950s, Goro Shimura and Yutaka Taniyama circulated a conjec-

ture2 relating Fourier coefficients of certain modular forms of weight 2 and

the number of points of certain geometric objects called elliptic curves over

finite fields. This was later worked on by André Weil, whose name is also

associated with the conjecture.

It was proved in complete generality in 1999 by Breuil, Conrad, Di-

amond and Taylor [Breuil et al. (2001)], building on the famous work of

Andrew Wiles and Richard Taylor [Wiles (1995)], [Taylor and Wiles (1995)],

2This has been called the Shimura-Taniyama conjecture, the Taniyama-Shimura con-
jecture, the Taniyama-Weil conjecture, the Shimura-Taniyama-Weil conjecture or the
Modularity conjecture.
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who proved it in the important special case where the level of the modu-

lar form (equivalently, the conductor of the elliptic curve) was squarefree.

This sufficed to prove Fermat’s Last Theorem, that there are no nontrivial

solutions over Z to xn +yn = zn when n ≥ 3. For a one-volume overview of

the proof of Fermat’s Last Theorem, we refer the reader to [Cornell et al.

(1997)]. We will briefly consider this in Chapter 5.

It should also be noted that one can use generalizations of this work to

Hilbert modular forms (which we will not define here) to prove a version

of Fermat’s Last Theorem over Q(
√

2); see [Jarvis and Meekin (2004)] for

the details. This requires n to be at least 4, because there actually exist

explicit nontrivial solutions over Q(
√

2) when n = 3; for instance one can

check explicitly that (18 + 17
√

2)3 + (18 − 17
√

2)3 = 423.

Another result that has very recently been proved is Serre’s Conjecture,

which says that every Galois representation which satisfies certain condi-

tions can be associated to a modular form of a given weight and level. A

special case of this result is used in the proof of Fermat’s Last Theorem.

We will discuss Serre’s Conjecture in Chapter 6.

1.5 The 21st century — the Langlands Program

The inspiration for the Langlands Program can be taken to be the Artin

reciprocity laws, which generalize quadratic reciprocity; these give relations

between one-dimensional representations of Galois groups of algebraic num-

ber fields and generalizations of the Riemann ζ function called Dirichlet

L-series. The slogan is that this is a relationship between “arithmetic” and

“geometric” objects.

This can be generalized again to give a structure of relations that should

hold between automorphic representations, on the one hand, and (modular)

Galois representations on the other hand. This is a very active field of work,

and much still remains to be done, but much of the theory is known for the

special case of modular forms for GL2, which are the modular forms that

we will be dealing with in this book.

Some introductory references for the Langlands Program are [Bump

et al. (2003)], [Knapp (1997)] and [Murty (1993)].
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Chapter 2

Introduction to modular forms

There are five fundamental operations of arithmetic: addition,
subtraction, multiplication, division, and modular forms. –
Martin Eichler (attributed).

In this chapter, we will introduce modular forms and some of their basic

theory. This will comprise an introduction to modular forms for SL2(Z) and

for congruence subgroups, give examples to illustrate the theory, compute

some Fourier expansions, and define fundamental domains. It will gives

hints of the rich complex and arithmetic theory of modular forms which

will be covered in later chapters.

There are several standard references for the basic theory of modular

forms; Chapter III of [Koblitz (1993)], Chapter 1 of [Diamond and Shur-

man (2005)], Chapter 4 of Milne’s online notes [Milne (1997b)], Chapter I

of [Lang (1976)] and Chapter VII of [Serre (1973a)] are all good references,

although Serre only deals with modular forms for SL2(Z).————————

———————————————- — SAGE Version 3.0.1, Release Date:

2008-05-05 — — Type notebook() for the GUI, and license() for informa-

tion. — ———————————————————————-

The notation that these books use is not unified, as there are many

choices to make and different authors have made different choices; we note

in the text a few of the more unfortunate collisions of notation.

2.1 Modular forms for SL2(Z)

The modular group . . . is like an octopus, with tentacles reach-
ing out into many branches of pure mathematics . . . – Gareth
Jones.

11



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

12 Modular forms: a classical and computational introduction

We define the full modular group SL2(Z) (also known simply as the

modular group) to be the group of 2 × 2 matrices with integer entries and

determinant 1:

SL2(Z) :=

{(
a b

c d

)
: a, b, c, d ∈ Z, ad − bc = 1

}
.

(The “SL” here stands for the Special Linear Group, as opposed to GL2(Q),

which is the General Linear Group). This group is occasionally called the

unimodular group in the literature.

Some references use the notation Γ for SL2(Z); it is quite common to

write an element of SL2(Z) as γ.

It is well-known that SL2(Z) is finitely generated; a standard presenta-

tion (see Exercise 1) is 〈S, T |S2, (ST )3〉, where T := ( 1 1
0 1 ) (T here stands

for “translation”) and S :=
(

0 1
−1 0

)
. This group is called PSL2(Z), the Pro-

jective Special Linear Group, which is sometimes called the modular group

in the literature, as in the quote at the beginning of this section.

We can view elements of SL2(Z) as acting in the following way on ele-

ments of the Riemann sphere Ĉ := C ∪ {∞}:
[
a b

c d

]
(z) =

az + b

cz + d
, for z ∈ C.

(We extend this to all of the Riemann sphere by defining f(−d/c) = ∞
and f(∞) = a/c). These transformations are known as Möbius transfor-

mations.

We define H to be the Poincaré upper half plane; it is all of the complex

numbers z which have ℑ(z) > 0 (where ℑ denotes the imaginary part of z).

We will see in Exercise 1b that the action of a matrix M ∈ SL2(Z) on H is

trivial if and only if M = ± ( 1 0
0 1 ).

If f : H → C is a meromorphic function which satisfies the transforma-

tion formula

f

(
az + b

cz + d

)
= (cz + d)k · f(z) for

(
a b

c d

)
∈ SL2(Z) and z ∈ H (2.1)

then we say that f is weakly modular of weight k for SL2(Z). In particular,

we have that

f(z + 1) = f(z), (2.2)

f(−1/z) = (−z)kf(z), (2.3)

for all z ∈ H, by substituting T and S into (2.1). Conversely, we see

that if f is a meromorphic function from H into C which satisfies (2.2)
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and (2.3), then it is weakly modular for SL2(Z), because T and S gener-

ate SL2(Z)/{±1}; see Exercise 19 for the proof of this.

From (2.2), we see that f has a Fourier expansion of the following form

in a suitable neighbourhood of the origin:

f(q) =
∑

n∈Z
anqn, with q := e2πiz ; (2.4)

moreover, because f is meromorphic, only finitely many of the an with n <

0 are nonzero. We call f(q) the Fourier expansion of f at ∞, or simply the

Fourier expansion of f ; it is often referred to as the q-expansion of f .

If an = 0 for n < 0, then we say that f is holomorphic at ∞. If an = 0

for n ≤ 0, then we say that f vanishes at ∞.

Definition 2.1 (Modular forms for SL2(Z)). Let k be an integer. We

say that a meromorphic function f : H → C is a modular form of weight k

(for SL2(Z)) if

(1) f is weakly modular of weight k for SL2(Z),

(2) f is holomorphic on H, and

(3) f is holomorphic at ∞.

We also say that f is a modular form for the full modular group, or that f

is a modular form for SL2(Z). Some authors say that f has level 1.

The set of modular forms of weight k for the full modular group SL2(Z)

is written as Mk(SL2(Z)).

We define the value of f(z) at ∞ to be the limit of f(z) as z → i∞,

and we write it as f(∞). If f vanishes at ∞ (so f(∞) = 0) then we say

that f is a cusp form of weight k (for SL2(Z)). The set of cusp forms is

written Sk(SL2(Z)) (some authors write it as M0
k (SL2(Z))).

We now make some remarks about the terminology and concepts we

have just introduced.

Remark 2.2. The set of cusp forms is called Sk(SL2(Z)) because the Ger-

man for “cusp form” is “Spitzenform”. In French a cusp form is a “forme

parabolique”.

Remark 2.3. The modern terminology for weights is given above. In [Serre

(1973a)], the terminology “modular form of weight 2k” is used. In older

books, modular forms of weight k are sometimes said to have weight −k,

degree −k or dimension −k; [Knopp (1970)] says that dimension was the

older of the latter two terms. Also, sometimes in the past the notations x :=
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e2πiz or q := eπiz have been used, but nowadays the notation q for e2πiz

is almost universal (in [Armitage and Eberlein (2006)] the terminology q is

used both for e2πiz and for eπiz at different points).

Remark 2.4. It is said that G. H. Hardy banned his students from using

the term “modular form”. Whatever the truth of this, it is noticeable that

in papers such as [Hardy (1920)] and [Hardy and Ramanujan (1918)] he

uses the terminology elliptic modular function, and does not call the ∆

function a modular form.

Remark 2.5. The terms elliptic modular form and integral modular form

are sometimes used to distinguish these modular forms from other types of

modular form (for instance, mod p modular forms, which we will introduce

in Chapter 6). These are different types of object; they are defined over

different rings. In contrast, some authors do not insist that their modular

forms be holomorphic on H or at ∞, and use the term entire modular forms

for what we have defined as modular forms; these are different sorts of the

same type of object, defined over the same ring and differing only in the

conditions that they satisfy.

One highbrow way of defining the space of cusp forms of weight k is to

say that it is the object Sk(SL2(Z)) which makes the following sequence

exact:

0 −→ Sk(SL2(Z)) −→ Mk(SL2(Z))
f 7→f(∞)

−−−−−−→ C −→ 0.

This encapsulates the definition given above.

We see that the zero function is always a modular form; the natural

question is to ask are there any others? (For instance, in [Klingen (1990)],

we find the quote “The existence of modular forms which are different

from zero is by no means trivial”.) Before we answer the question (in the

affirmative), we will note a few simple consequences of the definition.

If we let k = 0, then we see that the transformation formula becomes

f

(
az + b

cz + d

)
= f(z),

and we see that any constant function f satisfies this, so M0(SL2(Z)) ⊇ C.

In fact, we will see later (Proposition 3.3) that this is an equality; that every

modular form of weight 0 for SL2(Z) is a constant function. Conversely,

from the definition we can show that a constant function is not a modular

form of any nonzero weight.
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We also see that if we substitute the matrix
(−1 0

0 −1

)
into the transfor-

mation formula in (2.1), then we find that

f(z) = (−1)kf(z), for all z ∈ H. (2.5)

We see that if k is odd, then f(z) = −f(z) for every z ∈ H, and therefore

that f is identically zero.

2.2 Eisenstein series for the full modular group

We now prove that the definition that we have given above is not vacuous,

and that nonconstant modular forms do exist.

Proposition 2.6 (Eisenstein series). Let k be an even integer which is

at least 4 and let z ∈ H. The function

Gk(z) :=
∑

m,n∈Z
(m,n) 6=(0,0)

1

(mz + n)k
(2.6)

is a nonzero modular form of weight k for SL2(Z).

Proof. Proofs that a given function is a modular form often boil down

to checking the three conditions given in Definition 2.1; showing that it

is weakly modular, holomorphic on H, and holomorphic at ∞. It can be

useful to consider each of these individually.

First, we will show that Gk(z) is holomorphic on H and at ∞. We will

use Lemma 1 from Chapter VII of [Serre (1973a)]:

Lemma 2.7. Let Ω be a lattice in C. The series

L :=
∑

06=ρ∈Ω

1

|ρ|t

is absolutely convergent for t > 2.

Proof. [Proof of Lemma 2.7] We note that the number of elements of Ω

such that |ρ| is between the consecutive integers n and n+1 is O(n), so the

convergence of L is reduced to the convergence of
∑∞

r=0 r−(t−1), where r is

a positive integer, and we know that this converges for t − 1 > 1. �

Now let us suppose that z satisfies |z| ≥ 1 and |ℜ(z)| ≤ 1/2; we will see in

Section 2.5 that this region F is what is known as a fundamental domain,
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and that every point in H is equivalent via the action of SL2(Z) to a point

of F . We can then see that the following inequality holds:

|mz + n|2 = m2zz + 2mnℜ(z) + n2

≥ m2 − mn + n2 = |mω − n|2,
where ω = −1/2 +

√
3/2. From the lemma, we see that this means that

the series
∑ |mω − n|−k (where we do not take (m, n) = (0, 0)) is conver-

gent, which means that the sum Gk(z) converges normally in F , and also

that G(γ−1z) converges normally in γF , for γ ∈ SL2(Z). We note that

the γF cover H.

From the lemma and the discussion following it, we see that the sum in

(2.6) is absolutely convergent and uniformly convergent on compact subsets

of H, so Gk(z) is a holomorphic function on H. In Proposition 2.6 we

are using the assumption that k ≥ 4 to ensure that the sum converges

absolutely.

To show that Gk(z) is finite at ∞, we will show that Gk(z) approaches an

explicit finite limit as z → i∞. The terms of Gk(z) are of the form 1/(mz+

n)k; those which have m 6= 0 will contribute 0 to the sum, while those which

have m = 0 will each contribute 1/nk. Therefore we have

lim
z→i∞

Gk(z) =
∑

06=n∈Z

1

nk
= 2ζ(k),

which is finite (and nonzero).

To show that Gk(z) is weakly modular for SL2(Z), it will suffice to show

that it transforms correctly under the matrices S and T ; it can be seen

that Gk(z) = Gk(z + 1) by substituting z + 1 for z; we have already shown

that Gk(z) is uniformly and absolutely convergent so we can rearrange the

terms as necessary. We now show that Gk(z) transforms correctly under S

by rearranging (2.3):

z−k · Gk(−1/z) =
∑

m,n∈Z
(m,n) 6=(0,0)

z−k

(−m/z + n)k

=
∑

m,n∈Z
(m,n) 6=(0,0)

1

(−m + nz)k
= Gk(z),

as required (again, we are using the fact that Gk(z) is uniformly and ab-

solutely convergent on H), and so therefore Gk(z) is a modular form of

weight k, which is what we wanted to prove. �
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We see from the proof that Gk(z) does not vanish at ∞, so we have an

example of a nonzero form of nonzero weight which is not a cusp form. We

will now construct our first example of a cusp form.

By Exercise 2, we see that the set Mk(SL2(Z)) of modular forms of a

given weight forms a complex vector space, and that the product of modular

forms is again a modular form. Therefore we see that Gk(z)l is a modular

form of weight kl, and Gk1(z) ·Gk2(z) is a modular form of weight k1 + k2.

The explicit values of ζ(k), where k is a positive even integer, are well

known; for instance ζ(4) = π4/90 and ζ(6) = π6/945. Therefore, we have

that

(
G3

4

)
(∞) = 8ζ(4)3 =

π12

36 · 53
and

(
G2

6

)
(∞) = 4ζ(6)2 =

4π12

36 · 52 · 72
,

and therefore we see that if we define D(z) := 4
49 ·G3

4− 1
5 ·G2

6, then we have

that D(∞) = 0. We will see in the next section that this function D is not

identically zero, and so therefore is a nontrivial example of a cusp form.

2.3 Computing Fourier expansions of Eisenstein series

We will see later that the Fourier expansions of modular forms are very

arithmetically interesting; for instance, many naturally occurring modular

forms have Fourier coefficients which are multiplicative or satisfy recurrence

relations. In this section we will begin our study of these Fourier coefficients

by showing how to compute them.

From equation (2.4), we see that a modular form f has a Fourier ex-

pansion in some suitable neighbourhood of the origin. This is often called

the q-expansion of f (at ∞) in the literature. We have also computed the

coefficient a0 of the Fourier expansion of the form Gk(z). We will now

exhibit the complete Fourier expansion of Gk(z).

Proposition 2.8. Let k ≥ 4 be an even integer, and let z ∈ H. The

modular form Gk(z) has Fourier expansion

Gk(z) = 2ζ(k) + 2
(2πi)k

(k − 1)!

∞∑

n=1

σk−1(n)qn,

where we define σk−1(n) to be the function

σk−1(n) :=
∑

0<m|n
mk−1.
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Proof. We will show this by some careful analysis of Fourier series for

trigonometric functions; [Diamond and Shurman (2005)] say that “the

reader who is unhappy with this unmotivated incanting of unfamiliar ex-

pressions for a trigonometric function should be reassured that it is a stan-

dard rite of passage into modular forms”.

There is a formula for the cotangent function:

π cot(πz) =
1

z
+
∞∑

m=1

(
1

z + m
+

1

z − m

)
,

and we also have the identity

π cot(πz) = π
cos(πz)

sin(πz)
= iπ − 2iπ

1 − q
= iπ − 2iπ

∞∑

n=0

qn,

where q := e2πiz. By equating these identities, we see that

1

z
+

∞∑

m=1

(
1

z + m
+

1

z − m

)
= iπ − 2iπ

∞∑

n=0

qn. (2.7)

We differentiate both sides of (2.7) k − 1 times with respect to z to obtain

the formula
∑

m∈Z

1

(m + z)k
=

(−2πi)k

(k − 1)!

∞∑

n=1

nk−1qn, (2.8)

which is valid for k ≥ 4. We note that the left hand side of this looks very

like a component of Gk, whereas the right hand side looks much like a com-

ponent of the Fourier expansion given in the theorem. This does motivate

our approach in retrospect; if one integrates both the definition of Gk(z)

in terms of the double sum and the Fourier expansion involving σk−1, then

one arrives at something very similar to the two formulae for the cotangent

function.

We will now use (2.8) to write Gk(z) as a Fourier expansion. Be-

cause k ≥ 4, we have absolute convergence of our series, so the following

rearrangements are valid:

Gk(z) =
∑

m,n∈Z
(m,n) 6=(0,0)

1

(mz + n)k
(2.9)

=
∑

06=n∈Z

1

nk
+ 2

∞∑

m=1

∞∑

n=−∞

1

(mz + n)k
, (rearranging) (2.10)

= 2ζ(k) + 2
(2πi)k

(k − 1)!

∞∑

m=1

∞∑

n=1

nk−1qmn (from (2.8)) (2.11)

= 2ζ(k) + 2
(2πi)k

(k − 1)!

∞∑

n=1

σk−1(n)qn (rearranging). (2.12)
�
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A standard notation for Eisenstein series is to write

Ek(z) :=
Gk(z)

2ζ(k)
;

this is called the normalized Eisenstein series of weight k (of level 1). For

these modular forms, the following series identity holds:

Ek(q) = 1 − 2k

Bk

∞∑

n=1

σk−1(n)qn,

where the Bk are the Bernoulli numbers, which are defined by

t

et − 1
=

∞∑

m=0

Bm · tm

m!
.

The first few Bernoulli numbers are B1 = −1/2, B2 = 1/6, B3 = 0

and B4 = −1/30. It can be proved that B2r+1 = 0 for r ≥ 1. We will

investigate some of the arithmetic properties of the Bernoulli numbers in

One reason why the Bernoulli numbers are of independent arithmetic

interest is because if a prime p does not divide the numerator of any of the

Bernoulli numbers {B2, B4, . . . , Bp−3} then it is said to be a regular prime

and Fermat’s Last Theorem is known to be true for such exponents p (this

is a result of Ernst Kummer). If a prime is not regular, it is said to be

an irregular prime. It is not known if there are infinitely many regular

primes, but it is not difficult to show that there are infinitely many which

are irregular (this was originally proved by Jensen [Jensen (1915)] in a short

paper in Danish; he actually showed that there are infinitely many irregular

primes which are congruent to 3 modulo 4). Experimental evidence and

heuristics suggest that about 61% of primes are regular; the irregular primes

below 100 are 37, 59 and 67.

A more straightforward way of defining the Ek for k ≥ 4 is by

Ek(z) =
1

2

∑

m,n∈Z
(m,n)=1

1

(mz + n)k
;

this can be shown by grouping together indices m and n in the sum defin-

ing Gk(z) with a given greatest common divisor, again using the result that

the sum is absolutely and uniformly convergent to allow us to rearrange the

sum.

One motivation for considering normalized Eisenstein series in a com-

putational context is that we can represent integers and rational numbers

exactly, but we can only approximate the transcendental number π to a

finite precision.
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The Fourier expansions at ∞ of the first few nonzero normalized Eisen-

stein series are given by

E4(q) = 1 + 240

∞∑

n=1

σ3(n)qn

E6(q) = 1 − 504

∞∑

n=1

σ5(n)qn

E8(q) = 1 + 480

∞∑

n=1

σ7(n)qn

E10(q) = 1 − 264

∞∑

n=1

σ9(n)qn

E12(q) = 1 +
65520

691

∞∑

n=1

σ11(n)qn

E14(q) = 1 − 24
∞∑

n=1

σ13(n)qn.

By considering the constant term of E12, we can prove that 691 is an

irregular prime in the sense we defined above.

We note here that some authors normalize their Eisenstein series so

that the Fourier coefficient a1 = 1, to match the normalization used for

cusp forms. This has the disadvantage that E4 and E6 no longer have

integral Fourier expansions.

We can now verify that our cusp form D = 4
49 · G3

4 − 1
5 · G2

6 is

not identically zero; the first term of its Fourier expansion has coeffi-

cient 256π12/165375 which is nonzero. Therefore there exists a nonzero

cusp form.

We can compute this form much more cleanly by considering the nor-

malized Eisenstein series E4(z) and E6(z); we define the ∆ function and

the Ramanujan τ function in the following way:

∆(z) :=
E4(z)3 − E6(z)2

1728
=

∞∑

n=1

τ(n)qn.

The Fourier coefficients of ∆(z) are all integers, and they are also multi-

plicative; that is, τ(m · n) = τ(m) · τ(n) if (m, n) = 1. They also satisfy

recurrence relations; if p is a prime, then

τ(pn) = τ(p) · τ(pn−1) − p11 · τ(pn−2), for n ≥ 2.
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These facts are consequences of the theory of Hecke operators, which we

will discuss in Section 4.1. We will see that ∆ is a well-studied modular

form, with interesting number-theoretic properties.

We assumed that k ≥ 4 in the proof of Proposition 2.8. It is natural

to ask what happens when k = 2. It turns out that the series that one

would use to define G2(z) does not converge absolutely (basically because

the harmonic series diverges), so the rearrangement we performed is no

longer valid. We summarize the results that do hold:

Proposition 2.9. There is a holomorphic function E2 which has Fourier

expansion at ∞

E2(q) = 1 − 24

∞∑

n=1

σ1(n)qn,

which satisfies the following transformation formula:

z−2E2(−1/z) = E2(z) +
12

2πiz
.

Proof. [Koblitz (1993)], Proposition III.2.7 and [Diamond and Shurman

(2005)], Section 1.2 both carry out the necessary calculations. �

We will use the properties of E2, which is not weakly modular, later to

prove that certain functions are weakly modular. The function E2 also

plays an important role in the theory of mod p modular forms, which will

be studied in Chapter 6, and we will briefly consider E2 in the context of

quasi-modular forms in Section 2.8.1.

2.4 Congruence subgroups

In this section, we will introduce some interesting subgroups of SL2(Z),

which will be useful for our study of modular forms.

Let N be a positive integer. We define the following subgroups

of SL2(Z):

Γ0(N) :=

{(
a b

c d

)
∈ SL2(Z) : c ≡ 0 mod N

}
(2.13)

Γ1(N) :=

{(
a b

c d

)
∈ Γ0(N) : a ≡ d ≡ 1 mod N

}
(2.14)

Γ(N) :=

{(
a b

c d

)
∈ Γ1(N) : b ≡ 0 mod N

}
(2.15)
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We say that any subgroup of SL2(Z) which contains Γ(N) for some N

is a congruence subgroup; clearly Γ0(1) = Γ1(1) = Γ(1) = SL2(Z).

We call Γ(N) the principal congruence subgroup of level N . If Γ(N) is

the largest principal congruence subgroup contained within a congruence

subgroup N , then we say that Γ has level N . For instance, SL2(Z) has

level 1, and Γ0(2) has level 2.

We see that the following chain of inclusions holds, for any N ∈ N:

Γ(N) ⊆ Γ1(N) ⊆ Γ0(N) ⊆ SL2(Z). (2.16)

We will call the congruence subgroups in this chain the standard congruence

subgroups.

Occasionally in the literature we see other congruence subgroups; for

instance, Γ0(N), which is the subset of SL2(Z) with the upper right entry

congruent to 0 modulo N . One downside of this particular group is that it

does not contain ( 1 1
0 1 ) if N > 1, so modular forms for this group need not

have a Fourier expansion in terms of q; we will consider this issue later.

We will often call an unspecified congruence subgroup Γ; this follows

the notation in some of the literature, but we note that in [Koblitz (1993)]

the group SL2(Z) is called Γ. A natural further convention is to use γ for

an element of Γ.

We will now show that the index [SL2(Z) : Γ(N)] is finite1, compute

the indices of these standard congruence subgroups inside SL2(Z), and find

coset representatives for these congruence subgroups in SL2(Z). This will

allow us, amongst other things, to find fundamental domains in H for these

congruence subgroups.

We will need some basic theory of projective spaces over rings to find

the index of our congruence subgroups within SL2(Z).

Definition 2.10. Let N be a positive integer. We define

P (Z/NZ) := {(a, b) ∈ (Z/NZ)2 : ∃c, d ∈ Z/NZ such that ad − bc = 1}.

The group of units (Z/NZ)× ⊂ (Z/NZ) acts on P (Z/NZ) by λ(a, b) =

(λa, λb). We define

P1(Z/NZ) := P (Z/NZ)/ ∼,

where the equivalence relation ∼ is given by the action of (Z/NZ)×. We

write the equivalence class containing (a, b) as (a : b).

1This will also show that all of the standard congruence subgroups have finite index.
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If R is a field, P1(R) ∼= R ∪ {∞}, as the equivalence classes are (r : 1),

for every element r ∈ R, plus the equivalence class (1 : 0), which is called

the point at infinity; this construction may be familiar to those readers

who have encountered the theory of elliptic curves before. The structure

of P1(R) becomes more interesting when R is not a field, so there are more

nonunits.

Proposition 2.11 (Size of P1(Z/NZ)). Let N ∈ N. Then

#P1(Z/NZ) = N
∏

p|N
(1 + 1/p).

Proof. We leave this as Exercise 9. �

Having set up this theory, we can now apply the preceding proposition to

find indices of some of our congruence subgroups, and also to find explicit

sets of coset representatives.

Proposition 2.12. Let N be a positive integer. Then

[SL2(Z) : Γ0(N)] = N
∏

p|N
(1 + 1/p).

Proof. We define a map π from the quotient group Γ0(N)/ SL2(Z)

to P1(Z/NZ) by π
(
Γ0(N)

(
a b
c d

))
= (c : d). We must show that this map

is well-defined, and then that it is a bijection. We will then use Proposi-

tion 2.11 to compute the dimension of the projective space.

Let Γ0(N)
(

a b
c d

)
be a coset. We can change the matrix by left multi-

plication by ( A B
C D ) ∈ Γ0(N) to obtain a matrix with bottom row (aC +

cD bC +dD). This acts as (cD dD) on P1(Z/NZ) because C mod N ≡ 0,

and D is a unit in Z/NZ, so changing the coset representative doesn’t

change the action. This means that it is well-defined.

Now we show that it is a bijection. It is a surjection because given an

element
(

a b
c d

)
of SL2(Z) we have an element (c : d) of P1(Z/NZ), and

every element of P1(Z/NZ) appears in this way, as we can lift (c : d) to

an element of SL2(Z) by lifting c and d from Z/NZ to Z and then using

Euclid’s algorithm to find a suitable pair a and b.

Now we must show that π is injective; that is, if π(Γ0(N)
(

a b
c d

)
) =

π(Γ0(N) ( A B
C D )) then Γ0(N)

(
a b
c d

)
= Γ0(N) ( A B

C D ), or in other words

that ( A B
C D ) ·

(
a b
c d

)−1 ∈ Γ0(N); the unique restriction here is that the lower

left entry of the product, Cd − cD, must be congruent to 0 modulo N .

The equality in P1(Z/NZ) is (c : d) = (C : D); this means that there
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exists λ ∈ (Z/NZ)× such that c = λC and d = λD. These two conditions

are equivalent to one another, so π is injective. �

Finally, we will find the index of Γ(N) in Γ0(N).

Proposition 2.13. Let N be a positive integer. Then

[Γ0(N) : Γ(N)] = N2
∏

p|N

(
1 − 1

p

)
.

Proof. We can write the cosets as Γ(N)
(

a b
0 d

)
, with a, b, d ∈ Z/NZ. Each

of these choices can be shown to be distinct, and there are N possibilities

for b and φ(N) possibilities for a, and one choice of d given a. If we expand

out the definition of φ(N) we will get the index given in the proposition,

as required. �

As an example of this, let us consider Γ0(8), which has index 8·(1+1/2) = 12

in SL2(Z). We can write

P1(Z/8Z) = {(n : 1)}n∈[0...7] ∪ {(1 : 2), (3 : 2), (5 : 2), (7 : 2)};
(checking that these are all distinct is left as Exercise 10). From these, we

can find a set of coset representatives using the lifting procedure detailed

above; here is one such:{(
1 0

n 1

)}

n∈[0...7]

∪
{(

1 1

1 2

)
,

(
−1 −1

3 2

)
,

(
3 1

5 2

)
,

(
4 1

7 2

)}
.

We note that there will of course be many choices of coset representatives.

It should also be noted that we have shown (by combining Proposi-

tion 2.12 and Proposition 2.13 ) that every congruence subgroup has finite

index in SL2(Z). The converse to this is false; in [Hsu (1996)], for instance,

an explicit example of a non-congruence subgroup G of index 10 is given

(a non-congruence subgroup, for us, is a subgroup of SL2(Z) of finite index

which is not a congruence subgroup for any N). Using the Sage pack-

age “Farey Symbol Functions” [Kurth (2007)], one can compute a set of

generators for this non-congruence subgroup; for example, these matrices

generate G: {(
1 2

0 1

)
,

(
2 −1

7 −3

)
,

(
4 −3

3 −2

)}
.

In fact, there is a well-defined sense in which most subgroups of SL2(Z) of fi-

nite index are non-congruence subgroups; see [Jones (1986)] for a discussion

of this (one must be careful to make this statement precise, because there

are countably many of both congruence and non-congruence subgroups).
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2.5 Fundamental domains

We recall that a modular form satisfies the transformation equation given

in (2.1). In this section, we will see that this means that we can determine

the complex values that a modular form takes by considering its values on

a certain subset of H, called a fundamental domain.

We define a fundamental domain for a congruence subgroup Γ.

Definition 2.14. Let Γ be a congruence subgroup. A fundamental do-

main F for Γ is a closed subset of H such that

(1) every z ∈ H is Γ-equivalent to a point of the closure of F ,

(2) no two distinct points in the interior of F are Γ-equivalent.

We note here that a fundamental domain F need not be a region, as it

does not have to be connected. Also, one can remove closed sets without

interiors from F and still have a fundamental domain; for instance, a closed

line segment has no interior, so can be removed. We note that it is usual,

however, to choose fundamental domains to be regions.

The standard example2 of a fundamental domain is the region of H
given by

F :=

{
z : z ∈ H and |z| ≥ 1 and |ℜ(z)| ≤ 1

2

}
, (2.17)

shown in Figure 2.1, which can be shown to be a fundamental domain

for SL2(Z) (see Exercise 7). We see also that any translate γF of F by

an element γ of SL2(Z) is also a fundamental domain for SL2(Z), because

every point of γF is equivalent to a point of F , and any two points of γF

which are equivalent are not in the interior of γF . We also note that if z

is a boundary (respectively, interior) point of F then γz is also a boundary

(interior) point of γF because the Möbius transformation γ sends lines to

lines. It is important to note that there are points on the boundary of F

which are equivalent to other points on the boundary of F .

Once we have shown that the region F illustrated in Figure 2.1 is a

fundamental domain for SL2(Z), then we will be able to find fundamen-

tal domains for other congruence subgroups, using the following standard

result:

2The Wikipedia article on fundamental domains [Wikipedia] says that “[t]his famous
diagram [(Figure 2.1)] appears in all classical books on elliptic modular functions”. This
is likely to be true.
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Fig. 2.1 The standard fundamental domain for SL2(Z)

Proposition 2.15. Let Γ be a congruence subgroup of SL2(Z), written as

a disjoint union of cosets

SL2(Z) =
n∐

i=1

αiΓ.

Then G :=
∐n

i=1 α−1
i F is a fundamental domain for Γ.

Proof. We need to check the two conditions for being a fundamental

domain; first we verify that every element z of H is Γ-equivalent to an

element of G. Because F is a fundamental domain for SL2(Z), we can find

some δ ∈ SL2(Z) such that δz ∈ F . Now we have just written SL2(Z) as a

union of cosets, so there exist αi and γ ∈ Γ such that δ = αiγ. This means

that γz ∈ α−1
i F , which was what we needed to show.
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Now we will show that if z1 and z2 are two points in the interior of G,

then they are not Γ-equivalent. We shall prove this by contradiction. Sup-

pose that there exists γ ∈ Γ such that γz1 = z2. We can write z1 = α−1
i y1

and z2 = α−1
j y2 for some yi ∈ F , and therefore we have the relation

(αjγα−1
i )y1 = y2. Now this is an SL2(Z)-equivalence between two points

in the interior of F , but F is a fundamental domain, so there can be no

such relation, so we have a contradiction, and therefore z1 and z2 are not Γ-

equivalent. �

We now define the cusps of a congruence subgroup Γ. We define H
to be H ∪ {∞} ∪ Q; we are adding a “point at infinity” ([Koblitz (1993)],

Section III.1, suggests that this should be viewed as being a long way up the

positive imaginary axis; it is sometimes called i∞) and all of the rational

numbers on the real axis. These added points {∞}∪Q are partitioned into

equivalence classes by the action of Γ, which are called the cusps.

The standard abuse of notation here, which we shall follow, is to take

one representative from each equivalence class and call this set the cusps

of Γ.

If Γ = SL2(Z) then there is a unique cusp, because if a/c is a fraction

in lowest terms then we can use Euclid’s algorithm to find integers b and d

such that
(

a b
c d

)
∈ SL2(Z); this matrix maps ∞ to a/c, so therefore every

element of Q is equivalent to ∞. In general, there is more than one cusp;

for instance, see Exercise 6.

As an illustration of this, we present a fundamental domain for Γ0(2)

as Figure 2.2. This is based on choosing the coset representatives to be

{( 1 0
0 1 ) ,

(
0 −1
1 0

)
,
(

0 −1
1 1

)
}. We have chosen this to be connected, as is normal

in the literature. From Exercise 6, we see that the cusps for Γ0(2) can

be taken to be 0 and ∞, and if we look at the shape of the fundamental

domain near 0 then we can see why the word “cusp” was chosen; it looks

like a cusp.

It is important to reiterate the fact that there is no one canonical choice

of fundamental domain for a given congruence subgroup. We can also

choose a different fundamental domain for SL2(Z) which does have a visible

cusp; in Exercise 8 we will exhibit such a domain.

If Γ is a congruence subgroup, it is quite possible that a fundamental

domain for Γ is not connected, although it is customary (for both compu-

tational and aesthetic reasons) to choose a fundamental domain so that it

is connected.

If we know the values of a modular form f for Γ on a fundamental
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Fig. 2.2 A fundamental domain for Γ0(2)

domain F for Γ, then we know its value for all of H, because every point of H
is Γ-equivalent to a point of F . This will allow us to find the dimensions of

spaces of modular forms; we will show in Section 3.1 that a given nonzero

modular form only has finitely many zeroes in its fundamental domain,

and performing a contour integral around a carefully-chosen region of the

fundamental domain will give us a dimension formula.

2.6 Modular forms for congruence subgroups

The full modular group is a natural choice for the first definition of modular

forms, but there are objects which arise “in nature” which have the same
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type of behaviour as the modular forms we have already seen, but do not

transform correctly under every element of SL2(Z). Examples that we will

consider in later chapters are the following series and products:

θ(q) =
∑

x,y∈Z
qx2+y2

,

and

f(q) = q

∞∏

n=1

(1 − qn)2(1 − q11n)2,

and

F (q) =
∑

n>0 odd

σ1(n)qn,

and

g(q) = q

∞∏

n=1

(1 − qn)(1 − q23n).

The coefficients of all of these series are multiplicative, and the modular

forms whose Fourier expansions these are all satisfy certain transforma-

tion properties, but they are not modular forms for SL2(Z). We therefore

broaden our definitions to include these forms.

Let f be a meromorphic function from H to C, and let Γ be a fixed

congruence subgroup. If we have that

f

(
az + b

cz + d

)
= (cz + d)k · f(z) for

(
a b

c d

)
∈ Γ and z ∈ H,

then we say that f is weakly modular for Γ.

We define the weight k operator |[γ]k on functions from H to C by

(f |[γ]k)(z) = (cz + d)−kf

(
az + b

cz + d

)
, for z ∈ H. (2.18)

We note for reference that there are many possible choices of notation for

this operator; it has been written f [γ]k , f |k[γ], and f [γ]k by various authors.

We will now define modular forms for arbitrary congruence subgroups

of SL2(Z).

Definition 2.16 (Modular forms for congruence subgroups).

Let Γ be a congruence subgroup of SL2(Z) and let k be an integer. We

say that a function f : H → C is a modular form of weight k for Γ if

(1) f is holomorphic on H,
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(2) f is weakly modular for Γ,

(3) f |[α]k is holomorphic at ∞ for all α ∈ SL2(Z).

If we also have that a0 is 0 in the Fourier expansion of f |[α]k for ev-

ery α ∈ SL2(Z), then we say that f is a cusp form of weight k for Γ.

If Γ contains Γ(N), then we say that f is a modular form of level N or of

level Γ. We write the space of modular forms of weight k for a congruence

subgroup Γ as Mk(Γ), and the space of cusp forms as Sk(Γ).

We note here that there is a theory of modular forms for non-congruence

subgroups, but that this is outside the scope of this book. See [Li et al.

(2005)] for a survey of recent results in this area.

We now make some remarks about the Fourier expansions of modular

forms for congruence subgroups; this subject is more complicated than

the SL2(Z) case.

Remark 2.17. We saw that for modular forms for the full modular

group SL2(Z) there was a simple definition for a cusp form; we merely

had to check that its Fourier expansion had no constant term. This is not

sufficient in general for modular forms for smaller congruence subgroups;

we have to check that it vanishes “at all the cusps”. In Exercise 10 of

Chapter 4 the reader is invited to find some non-cuspidal modular forms

which do not have a constant term in their Fourier expansion at ∞.

Remark 2.18. We saw that modular forms for SL2(Z) had Fourier expan-

sions in terms of a variable q = e2πiz , because we have that f(z) = f(z+1).

This still holds for the congruence subgroups Γ0(N) and Γ1(N), but we see

that Γ(N) does not contain ( 1 1
0 1 ) if N ≥ 2, so a modular form for Γ(N)

does not necessarily have a Fourier expansion in terms of q. Instead, it has

a Fourier expansion in terms of q1/N ; some authors define qN := e(2πiz)/N .

We also have the notion of modular forms with character. This allows

us to break up the space Sk(Γ1(N)) into a direct sum of smaller spaces,

and also gives a natural way of handling cases where a modular form does

not quite transform in the standard way, but does transform in a slightly

more general way.

Definition 2.19. Let N be a positive integer and let χ : (Z/NZ)× → C×

be a Dirichlet character (so χ is multiplicative and χ(1) = 1). We say that

a function f : H → C which is holomorphic on H and is holomorphic at the
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cusps of Γ1(N) is a modular form of weight k for Γ0(N) with character χ if

f |[γ]k = χ(d)f for all
(

a b
c d

)
∈ Γ0(N).

We write the space of modular forms of weight k and character χ for a

congruence subgroup Γ as Mk(Γ, χ), and the space of cusp forms of weight k

and character χ as Sk(Γ, χ).

We note that if χ(−1) 6= (−1)k, then Mk(Γ0(N), χ) = 0; this follows

because
(−1 0

0 −1

)
∈ Γ0(N), and if we substitute this into the formula 2.18

for the weight k operator, we obtain

f |[
(−1 0

0 −1

)
]k = (−1)kf = χ(−1)f,

and this means that f must be identically zero.

We will now show that we can transfer the study of forms on Γ(N) to

the study of forms on Γ1(N
2), by conjugation; this follows the approach

taken in [Lang (1976)], Section III.2. We take the matrix

α :=

(
N 0

0 1

)
,

and note that the map γ 7→ αγα−1 is an inner automorphism of GL2(Q).

We will call this map ⋆, following Lang’s notation. We see that if γ =(
a b
c d

)
∈ Γ, then

γ⋆ =

(
a b/N

cN d

)
,

and that γ⋆ ∈ Γ0(N
2) (because cN ≡ 0 mod N2) and γ⋆ ∈ Γ1(N). This

means that the group Γ⋆(N) := αΓ(N)α−1 contains Γ1(N
2) and is a sub-

group of SL2(Z), so is a congruence subgroup. Therefore, if f is a modular

form for Γ⋆(N) then it is also a modular form for Γ1(N
2). We see that

if f ∈ Mk(Γ(N)), then f |[α]k ∈ Mk(Γ⋆(N)), because

(f |[α]k) |[α−1γα]k = f |[αα−1γα]k = f |[α]k;

this follows because we have f |[αβ]k = (f |[α]k)|[β]k (see Exercise 19), and f

is a modular form for Γ(N). We can check that it is holomorphic at the

cusps in a similar way. We also note that if f is a modular form for Γ then

it is also a modular form for congruence subgroups contained within Γ. We

have proved that

Proposition 2.20. If we have a modular form for Γ(N), we can transform

it into a modular form for Γ1(N
2).

This is important because the transformed modular form f⋆ = f |[α]k
for Γ1(N

2) will have a Fourier expansion in terms of q, which a modu-

lar form f for Γ(N) may not.
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2.7 Eisenstein series for congruence subgroups

It is intuitive that there should be modular forms for proper congruence

subgroups Γ which are not modular forms for SL2(Z); for a holomorphic

function f : H → C, being a modular form for Γ is a less strict condition

than being a modular form for SL2(Z), as it means that f has to satisfy

fewer conditions. We will make this intuition precise in this section.

Let N be an integer; in this section, following the presentation given

in [Koblitz (1993)], Section III.3, we will explicitly construct Eisenstein

series for Γ(N) and Γ1(N). Also, we will explicitly construct modular

forms of odd weight k.

We let a := (a1, a2) be a pair of integers modulo N , and let k be an

integer which is at least 3 (note that k can be odd or even). We define the

following function, which, following Koblitz, we call the level N Eisenstein

series of weight k:

Ga
k(z) := Ga mod N

k (z) =
∑

m∈Z2

m≡a mod N

1

(m1z + m2)k
.

We note that G
(0,0)
k (z) = N−k · Gk(z), which is the Eisenstein series of

level 1 that we discussed earlier, because

G
(0,0)
k (z) = N−k ·

∑

m1,m2∈Z

1

(m1z + m2)k
= N−kGk(z).

We will therefore assume that a 6= (0, 0) in this section.

Theorem 2.21. Let N ≥ 1 and k ≥ 3 be integers, and let a = (a1, a2).

Then

Ga mod N
k (z) ∈ Mk(Γ(N)), and G

(0,a2) mod N
k (z) ∈ Mk(Γ1(N)).

We note that there are going to be essentially as many distinct Eisen-

stein series as there are cusps, because if we have two pairs (a1, a2)

and (b1, b2) which are equivalent modulo Γ1(N), then the Eisenstein se-

ries we obtain will be the same up to the weight k action of Γ1(N).

Proof. In this proof we will let Γ be either Γ(N) or Γ1(N), depending

on whether a = (a1, a2) or (0, a2).

Firstly, we must check that Ga mod N
k (z) is holomorphic on H. This is

where we use the assumption that k ≥ 3; using Lemma 2.7, we see that the

series is absolutely and uniformly convergent on H. If k = 1 or k = 2 then

this would not hold, as the series fails to converge absolutely.
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Now we will show that Ga mod N
k (z) transforms correctly under the

action of elements of Γ. We will use a similar method to that used in the

proof that the level 1 Eisenstein series Gk(z) is a modular form of weight k.

We take γ =
(

a b
c d

)
∈ Γ; this means that a ≡ d ≡ 1 mod N and c ≡ 0

mod N . By the definitions, we have

Ga mod N
k (z)|[γ]k (2.19)

= (cz + d)−k ·
∑

m≡a mod N

(
m1 ·

az + b

cz + d
+ m2

)−k

(2.20)

=
∑

m≡a mod N

1

((m1a + m2c)z + (m1b + m2d))k
. (2.21)

We define m′ = (m1a + m2c, m1b + m2d) = (m1m2)
(

a b
c d

)
= mγ. Be-

cause γ ∈ Γ1(N) then we have that m′ is congruent to aγ modulo N .

This means that we can rearrange the order of the summation, and we

find that, because the action of
(

a b
c d

)
gives a one-to-one mapping, we have

that Ga mod N
k is invariant under the action of γ, which is what we needed

to show.

Finally, one must check that Ga mod N
k (z) does not have poles at the

cusps of Γ. By analogy to the previous paragraph’s result, we see that the

action of SL2(Z) permutes the Eisenstein series Ga mod N
k , so it is enough

to show that each of these series is holomorphic at ∞.

This is very similar to the proof that the Eisenstein series Gk for SL2(Z)

is holomorphic at ∞; the limit as z → i∞ of Ga mod N
k is strictly less

than 2ζ(k), because not all of the terms that contribute in the level 1 case

will contribute here. In particular, it is finite and well-defined, because we

have assumed that the weight k is at least 3. �

Remark 2.22. If we have Γ = Γ(N) and N ≥ 3 then ( 1 1
0 1 ) 6∈ Γ, so the

modular form Ga mod N
k is not automatically identically zero. We will see

from the explicit calculations of Theorem 2.23 that these modular forms

are in general not zero, so we will have constructed explicit modular forms

of odd weight.

We can compute the Fourier coefficients of Ga mod N
k (z) explicitly, by

using a similar proof to that for the SL2(Z) case. We will not give the

general result or its proof here, but will instead state two important special

cases of this result.

Theorem 2.23. Let k ≥ 3 and N ≥ 1 be positive integers, and let a :=

(a1, a2) ∈ Z2. We define qN := e(2πiz)/N and ζ = e2πi/N .
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If a = (a1, 0), then we have that

G
(a1,0) mod N
k (z) = b

(a1,0)
0,k +

∞∑

n=1

b
(a1,0)
n,k · qn

N ,

where

b
(a1,0)
n,k := ck ·



∑

j|n
jk−1 + (−1)k

∑

j|n
jk−1


 ,

and

ck :=
(−1)k−12kζ(k)

NkBk
.

If a = (0, a2), then we have that

G
(0,a2)
k (z) = b

(0,a2)
0,k + ck

∞∑

n=1




∑

j|n
jk−1(ζj·a2 + (−1)k · ζ−j·a2 )



 · qn

where

b
(0,a2)
n,k = 0ifN ∤ n and b

(0,a2)
Nn,k = ck

∑

j|n
jk−1

(
ζja2 + (−1)kζ−ja2

)
.

Remark 2.24. We see here that G
(0,a2)
k (z), which is a modular form

for Γ1(N), has a Fourier expansion in terms of q, whereas G
(a1,0)
k (z), which

is a modular form for the smaller congruence subgroup Γ(N), does not.

This is because ( 1 1
0 1 ) ∈ Γ1(N), but ( 1 1

0 1 ) 6∈ Γ(N), for N > 1.

Proof. The intricacies of this proof can be found in [Koblitz (1993)], as

Proposition III.3.22; one splits the sum up into two parts, and considers

generalizations of the formula relating the sum of reciprocals of (z +n) and

the Fourier expansion given in (2.8). Finally, one gathers up the terms in qi

for each i to obtain the formulae for the Fourier expansions given in the

theorem. �

Remark 2.25. We notice here that we have constructed explicit nonzero

examples of modular forms of odd weight, which shows explicitly that there

are modular forms for congruence subgroups of SL2(Z) which are not mod-

ular forms for SL2(Z).

It should be noted also that one can construct modular forms of

weights 1 and 2 for congruence subgroups, but that one has to use a mod-

ified approach, as convergence issues become more delicate; for instance,

we can no longer use Lemma 2.7. One reference for this is Section 7.2

of [Miyake (2006)].
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2.8 Derivatives of modular forms

Although this book deals mainly with number-theoretic questions, modular

forms as we have defined them here are complex functions on H, so it makes

sense to talk about their derivatives. The complex nature of modular forms

will recur in later chapters, most notably in the proof in Chapter 3 that

spaces of modular forms of a given weight and level are finite-dimensional.

We will define a differential operator θ (also known as the Ramanujan

operator) by its action on Fourier expansions:

θ := q
d

dq
=

1

2πi
· d

dz
. (2.22)

The second equality follows from the change of variable from q to z. We

also define a weight k operator ∂k : Mk(SL2(Z)) → Mk+2(SL2(Z)) by

∂ = ∂k := 12θ − k · E2. (2.23)

This operator is interesting because we have the following theorem that

tells us that ∂k sends modular forms to modular forms.

Theorem 2.26. Let k be a non-negative integer. The weight k operator ∂k

maps Mk(SL2(Z)) into Mk+2(SL2(Z)), and maps cusp forms to cusp forms.

Proof. Let f ∈ Mk(SL2(Z)) and let g = 12θ(f) − k · E2f . We will show

that g is a modular form of weight k + 2. We may assume that k is even

here, as otherwise the result is trivial (0 is mapped to 0).

Firstly we must check that g is holomorphic at ∞ and on H. We see

that it is holomorphic at ∞ by checking that both θ(g) and E2 · g have

only non-negative Fourier coefficients. We leave holomorphicity on H as an

exercise (Exercise 15).

We now check that it satisfies the transformation formulae, by looking

at how f transforms under
(

0 1
−1 0

)
:

f

(−1

z

)
= zkf(z); (2.24)

this comes from substituting
(

0 1
−1 0

)
into the standard transformation for-

mula. We differentiate (2.24) with respect to z to obtain

1

z2
f ′
(−1

z

)
= zkf ′(z) + kzk−1f(z)

⇒ f ′
(−1

z

)
= zk+2f ′(z) + kzk+1f(z).



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

36 Modular forms: a classical and computational introduction

If we can show that g transforms correctly under this and under ( 1 1
0 1 ),

then we will have proved that g transforms correctly under the generators

of SL2(Z)/{±1} which is enough to prove our result; we note that because g

has a Fourier expansion in q that it does transform under z 7→ z+1. We now

perform the calculation, using Proposition 2.9 to get the transformation

formula for E2.

g(−1/z) =
1

2πi
f ′(−1/z)− k

12
E2(−1/z)f(−1/z)

=
1

2πi

(
zk+2f ′(z) + kzk+1f(z)

)
− k

12

(
E2(z)z2 +

12

2πiz
z2

)
zkf(z)

= zk+2

(
1

2πi
f ′(z) − k

12
E2(z)f(z)

)
+

1

2πi
zk+1 (f(z) − f(z))

= zk+2

(
1

2πi
f ′(z) − k

12
E2(z)f(z)

)

= zk+2g(z),

which is what we needed to show.

To check that cusp forms are sent to cusp forms, we note that the

Fourier expansion of E2 · g has a nonzero constant term if and only if f has

a nonzero constant term, and θ(g) has no constant term, so their sum has

a nonzero constant term if and only if g has a nonzero constant term. We

note that we are using the fact that SL2(Z) has a unique cusp to make this

statement; it will not necessarily be true in general. �

As an example of this, we note that

∂4E4 = −4E6, ∂6E6 = −6E8 and ∂8E8 = −8E10.

Because the dimensions of M4(SL2(Z)), M6(SL2(Z)) and M8(SL2(Z)) are

all 1 (which we will prove in Chapter 3) we see that identities of this form

must exist; the only question is what the constant terms are, and we find

these by noticing that the constant term is given by −k, because −kE2f

has constant term −k and θ(g) has no constant term.

It can also be seen that ∂k acts on modular forms like a derivation; in

other words, if g and h are modular forms of weight k and l respectively,

then

∂k+l(g · h) = ∂k(g) · h + g · ∂l(h).

This follows because

∂k+l(g · h) = 12θ(g · h) − (k + l)E2 · g · h
= 12θ(g)h − kE2 · g · h + 12θ(h)g − lE2 · g · h
= ∂k(g)h + ∂l(h)g.
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Theorem 2.26 is given in the literature in several places; in [Koblitz (1993)],

as Exercise III.2.7 and in [Lang (1976)], as Theorem X.5.3, for instance. It

can be generalized naturally to the following result:

Theorem 2.27. Let Γ be a congruence subgroup and let f ∈ Mk(Γ).

Then ∂(f) ∈ Mk+2(Γ).

Proof. This is a generalization of the theorem for SL2(Z); this is left as

an exercise for the reader, as Exercise 18. �

Finally, let us show that θ “destroys modularity”; in other words, that

if f is a nonconstant modular form, then θ(f) is not a modular form.

Proposition 2.28. Let f be a non-constant modular form of weight k for

the congruence subgroup Γ. Then θ(f) is not a modular form.

Proof. We use the definition of the δk operator in terms of E2 and θ

given in (2.22); we see that

θ(f) =
∂k(f) − k · E2f

12
. (2.25)

Now a non-constant modular form can only have one weight (see Exer-

cise 16), and Theorem 2.26 shows us that δk(f) has weight k + 2. We

see (from Proposition 2.9) that while δk(f) transforms correctly under the

weight k + 2 action, E2f does not, so we see by substituting in a suitable

element of Γ that θ(f) is not modular. �

The results of this section are all special cases of the work of Rankin,

who proved results in [Rankin (1956)] which classify which polynomials of

degree n in the first n derivatives of a modular form f(z) are modular forms.

2.8.1 Quasi-modular forms

To quote Koblitz it “might seem unfortunate” that we have one Eisenstein

series, E2, in the above proceedings which is not a modular form, although

it plays an important role in the definition of θ and ∂k.

In [Kaneko and Zagier (1995)], a generalization of the notion of modular

forms which allows us to include the Eisenstein series E2 can be found.

These forms are called the quasi-modular forms.

Definition 2.29 ([Kaneko and Zagier (1995)], Proposition 1).

Let Γ be a congruence subgroup. The ring of quasi-modular forms for Γ
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are given by polynomials in E2 with coefficients which are modular forms

for Γ.

By explicit computation (see Exercise 17), we can see that θ(E2) is a quasi-

modular form, so this ring is closed under the action of θ. The quasi-

modular forms play an important role in string theory and mirror symmetry

(see [Bryan and Leung (2000)], for example); they also appear in number

theory. The article [Atkin and Garvan (2003)], for instance, uses the theory

of quasi-modular forms in its proof of results on partitions.

2.9 Exercises

(1)(a) Prove that SL2(Z) is generated by the matrices S and T given in

the text.

(b) Prove that the only matrices in SL2(Z) which act trivially on H are

± ( 1 0
0 1 ).

(2) Let k be an integer and let Γ be a congruence subgroup. Prove

that Mk(Γ) and Sk(Γ) are complex vector spaces and that M(Γ)

and S(Γ) are graded rings. Prove that S(Γ) is an ideal in M(Γ).

(3) Let k ≥ 4 be an even integer. Prove that the Fourier coefficients of Ek

are multiplicative.

(4) Let z ∈ H and let γ :=
(

a b
c d

)
∈ SL2(Z). Show that

ℑ(γ(z)) =
ℑ(z)

|cz + d|2 .

Show that if g(z) := |f(z)| · yk/2, where f ∈ Mk(SL2(Z)), then g(z) is

invariant under the action of
(

a b
c d

)
.

(5) Let k ≥ 4 be an even integer. Show that Mk(SL2(Z)) = CEk ⊕
Sk(SL2(Z)):

(a) By considering the cuspidal condition, show that either f ∈
Mk(SL2(Z)) is a cusp form, or that there exists 0 6= c ∈ C such

that f − c · Ek is a cusp form.

(b) Check that this is a direct sum.

(6) Prove that Γ0(p) has two cusps, which we can take to be 0 and ∞, and

find the three cusps for Γ(2).

(7) Show that the region F of H defined in equation 2.17 is a fundamental

domain for SL2(Z).
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(a) Show that every element of H is equivalent to an element z with

|ℜ(z)| ≤ 1/2.

(b) We now need to show that we can take our element z in the strip

−1/2 ≤ z ≤ 1/2 to have |z| ≥ 1. Roughly speaking, we will use S

to “bounce” z out of the central strip, then use T to translate it

back, until z has large enough modulus.

i. Show that, for a fixed point z ∈ H, |cz + d| is bounded away

from 0.

ii. Show that there exists γ ∈ SL2(Z) such that ℑ(γz) is maximal,

and that we can take γz to have |ℜ(z)| ≤ 1/2.

iii. Note that if γz 6∈ F , then we have ℑ(−1/(γz)) > ℑ(z), and use

the contradiction here to prove the result.

(8) Find a fundamental domain for SL2(Z) that has a visible cusp. You

may wish to use [Verrill (2001)] to draw pictures of this to check that

it really does have a visible cusp.

(9) Prove Proposition 2.11.

(10) Show that the presentation given of P1(Z/8Z) is really a presentation

of this space. Check that the given coset representatives for Γ0(8)

in SL2(Z) are distinct.

(11) Let N be a positive integer. Find the index of Γ1(N) inside Γ0(N).

(12) Let N be a positive integer. Using the techniques of this chapter, find

a set of coset representatives for Γ0(N) in SL2(Z), and then find a

fundamental domain for Γ0(N). Sketch this fundamental domain.

(13) In this exercise we will examine ways of constructing new congruence

subgroups from old ones.

(a) Let Γ be a congruence subgroup of SL2(Z) and let g be an element

of SL2(Z). Show that g−1Γg is also a congruence subgroup.

(b) Let Γ1 and Γ2 be congruence subgroups. Show that Γ1 ∩Γ2 is also

a congruence subgroup.

(c) Let α ∈ GL2(Q) and let Γ be a congruence subgroup. Show

that αΓα−1 ∩ SL2(Z) is a congruence subgroup. What happens

if we simply consider αΓα−1; is this a congruence subgroup?

(14) Compute ∆′; the derivative of the ∆ function with respect to z. Using

this, compute ∂12∆, and explain the result.

(15) Show that, if f is a modular form of weight k, then ∂k(f) is holomorphic

on H.

(16) Let Γ be a congruence subgroup and let f be a modular form for Γ.

Show that if f has weight k and weight l for two distinct integers k
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and l, then f must be a constant.

(17) By explicit computation, or otherwise, show that (E2
2 − 12θ(E2))(q) is

the Fourier expansion of a modular form for SL2(Z) of weight 4, and

use this to prove that E2 is quasimodular.

(18) Prove that, if f is a modular form of weight k for the congruence

subgroup Γ, then ∂k(f) is a modular form of weight k + 2 for the same

congruence subgroup Γ.

(a) Generalize the proof that ∂k(f) transforms correctly under the ac-

tion of elements γ of Γ; you may find it useful to recall that det γ = 1

for all γ.

(b) If f is a cusp form of weight k for Γ, is ∂k(f) a cusp form? Consider

what happens at all of the cusps, not just ∞.

(19) In this exercise, we will prove some results about the weight-k action

on modular forms.

(a) Let Γ be a congruence subgroup, and let f be a modular form of

weight k for Γ. If γ1, γ2 ∈ Γ, then show that

f |[γ1γ2]k = (f |[γ1]k)|[γ2]k.

(b) We can generalize the weight-k action in the following way. Let k

be a positive integer and let α =
(

a b
c d

)
∈ GL+

2 (Q). We define the

generalized weight-k action on a modular form f to be

(f |[α]k)(z) = (detα)k−1(cz + d)−kf

(
az + b

cz + d

)
.

Show that f |[αβ]k = (f |[α]k)|[β]k if α, β ∈ GL+
2 (Q).
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Results on finite-dimensionality

[W]e should like it to be finite, like our mind. — Gottfried William
Leibnitz.

We have already remarked that, although we are interested in modular

forms for their number-theoretic properties, we will use their complex an-

alytic nature to obtain useful results on the finite-dimensionality of spaces

of modular forms. This chapter will give us the complex tools we will need

to obtain our arithmetic results.

3.1 Spaces of modular forms are finite-dimensional

The titular result of this section is a great aid to computation; it means

that one can consider only finite-dimensional vector spaces, which means

that we can use computers to find spaces of modular forms and perform

computations on them, knowing that computations in a finite-dimensional

vector space with a given basis will terminate in a finite amount of time.

Finite-dimensionality is computationally very important; we will see

later that spaces of modular functions — functions which transform like

modular forms but are not necessarily holomorphic on H or at ∞ or other

cusps — are not finite-dimensional, so many of the results that we will

prove here do not carry over into the modular functions setting; we will

consider this further in Section 5.1.

We now state the important result on spaces of modular forms for a

given congruence subgroup which enables our computations.

Theorem 3.1. Let Γ be a congruence subgroup, and let k be an integer.

The spaces Sk(Γ) and Mk(Γ) are finite-dimensional complex vector spaces.

41
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To prove this theorem, we will first prove the following result concerning

the zeroes of a modular form for the full modular group, which will allow

us to show that, if k is an integer, then Mk(SL2(Z)) is a finite-dimensional

complex vector space.

We will then use finite-dimensionality for spaces of modular forms

over SL2(Z) to imply finite-dimensionality in general. We will also quote

without proof some standard results on dimensions of spaces of modular

forms for the standard congruence subgroups, which we introduced in Sec-

tion 2.4.

Proposition 3.2. Let f(z) be a nonzero weakly modular form of weight k

for SL2(Z). Let P be an element of H. We define vP (f) to be the order

of zero (or minus the order of pole) at the point P , and we define v∞(f)

to be the index of the first non-vanishing term in the Fourier expansion

of f . Then the following formula (known as the “residue formula” or the

“valence formula”) holds:

v∞(f) +
1

2
· vi(f) +

1

3
· vω(f) +

∑

P∈SL2(Z)\H
P 6=i,ω

vP (f) =
k

12
. (3.1)

The following argument is standard, and appears in many texts on mod-

ular forms. It uses complex analysis, relying on the fact that modular forms

are complex-analytic objects.

This sits somewhat uneasily within a number-theoretic context; it can

seem odd that to prove results about number theory we must go through

analysis, but there is a famous quote attributed to Hadamard1 saying that

“the shortest path between two truths in the real domain passes through the

complex domain”; this may also be true with “real” replaced by “number-

theoretic”.

We note also that the argument we are about to give also gives a

proof of a special case of the Riemann-Roch theorem in a concrete way;

see [Hartshorne (1977)], Section IV.1, for more details on Riemann-Roch.

Proof. [Proof of Proposition 3.2] We will follow the exposition given

in [Koblitz (1993)], Chapter III.2. The proof proceeds by performing an

integral around the contour shown in Figure 3.1; we will call this contour C.

This is the so-called standard fundamental domain, which appeared as Fig-

ure 2.1.

1It is actually due to Painlevé.
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Following [Serre (1973a)] and [Koblitz (1993)], we have added a point P

on the vertical boundary (and therefore a corresponding point T (P ) which

is also on the vertical boundary) and possible zeroes or poles at the points ω

and −ω̄ and at i; we note that both i and ω appear separately in (3.1). The

contour is drawn so as to include exactly one of P and T (P ), and to avoid i,

ω and −ω. If there are several poles or zeroes on the boundary, then the

integration would proceed in a similar way, as there are only finitely many

zeroes or poles within C.

Let us make the change of variables q = e2πiz , so f̃(q) is the q-expansion

of f(z) in a neighbourhood of the origin. We are being careful here to draw

a distinction between the Laurent series f̃ of f and the function f(z) itself.

The line at the top of the contour is the horizontal line from A = 1
2 +Ri

to B = − 1
2 + Ri, where R is chosen so that it is larger than the imaginary

part of any of the zeroes or poles of f(z). We can find such an R because f̃

is a meromorphic function, so there exists some positive real number s such

that f̃ has neither zeroes or poles for 0 < |q| < s; from this, it follows that f

has no zeroes or poles if ℑ(z) > 1
2π log(1/s).

By the residue theorem from complex analysis, we have that

1

2πi

∫

C

f ′(z)

f(z)
dz =

∑

P∈SL2(Z)\H
P 6=i,ω

vP (f). (3.2)

The sum on the right hand side of this equation is the sum in (3.1), so

we now have to deal with the integral on the left hand side. We will

deal with it piece by piece. The sections from H to A and from B to C

cancel one another out, because they go in opposite directions, and also

because f(z) = f(z + 1), as f is a modular function for SL2(Z).

We now evaluate the integral across the top of C, from A to B; by the

chain rule, we see that

f ′(z) =
d

dq
f̃(q)

dq

dz
,

so we find by substituting f̃(q) for f(z) that the integral from A to B is

equal to the following integral over the circle D of radius e−2πT with centre

at 0:

1

2πi

∫ B

A

f ′(z)

f(z)
=

1

2πi

∫

D

df̃/dq

f̃(q)
dq;

as the integral goes round this circle in a clockwise direction (or, in the

words of [Serre (1973a)], has a “negative orientation”), the integral evalu-

ates to −v∞(f).
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Fig. 3.1 Contour integral on the standard fundamental domain for SL2(Z)

We now consider the arcs from C to D and from G to H . From the

derivation of the residue formula, we see that if f(z) has Laurent expan-

sion an(z − h)n + · · · near the point h ∈ H, with an 6= 0, then f ′(z)/f(z)

has Laurent expansion n
z−h + g(z), where g(z) is a complex function which

is holomorphic at h. If we now integrate f ′(z)/f(z) anticlockwise around a

small circular arc of angle θ with centre h and radius ε (where “small” here

means that there are no other zeroes or poles within the circle of which the

arc is a part), then as we let ε → 0 the integral tends to miθ.

We now apply this to the integral between C and D and let ε → 0. The
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angle here tends towards π/3 and so we obtain

1

2πi

∫ D

C

f ′(z)

f(z)
→ − 1

2πi

(
vω(f) · iπ

3

)
=

−vω(f)

6
as ε → 0.

By an exactly similar process we see that

1

2πi

∫ H

G

f ′(z)

f(z)
=

−v−ω̄(f)

6
=

−vω(f)

6
;

the equality here follows because we can use the action of the matrix
(

0 −1
1 0

)

to relate the number of zeroes or poles of f at ω and at −ω̄.

Varying the method slightly, we find that the part of the integral from E

to F (in other words, the small arc around i) evaluates to

1

2πi

∫ F

E

f ′(z)

f(z)
= −vi(f)

2
.

Finally, we must deal with the two arcs from D to E and from F to G.

We will show that, as ε → 0,

1

2πi

∫ E

D

f ′(z)

f(z)
+

1

2πi

∫ G

F

f ′(z)

f(z)
→ k

12
.

This will prove the theorem, as we will then have evaluated the entire

integral. We will use the fact that the matrix S maps the arc DE onto the

arc GF ; from the transformation formula, we see that f(Sz) = zkf(z), and

hence

f ′(Sz)

f(Sz)
=

k

z
+

f ′(z)

f(z)
.

Using this, we see that

1

2πi

∫ E

D

f ′(z)

f(z)
dz +

1

2πi

∫ G

F

f ′(z)

f(z)
dz =

1

2πi

∫ E

D

(
f ′(z)

f(z)
− f ′(Sz)

f(Sz)

)
dz

= − 1

2πi

∫ E

D

k
z′

z
dz

→ −k

(
− 1

12

)
=

k

12

as the radius of the arcs CD, EF and GH all tend to zero. The factor 1/12

appears because in the limit we are integrating over the arc of the circle of

radius 1 centred at the origin from ω to i, and this arc has length π/6. �
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There are similar proofs for more general congruence subgroups, on the

same principle. One constructs a fundamental domain F and then per-

forms a similar contour integral along the boundary of F , using the same

techniques to ensure that every pole or zero of the modular function f is

included within the integral exactly once.

We note that although there are many choices of fundamental domain,

for ease of computation we may wish to choose one that is connected, does

not have closed sets removed, and so on. For instance, in our proof of

the residue formula, we assumed that the fundamental domain was the

“standard” one to make our computations easier.

The residue formula is very useful for direct computations; in the

next section we will use it to prove formulae for the dimension of the

spaces Mk(SL2(Z)) and Sk(SL2(Z)).

3.2 Explicit formulae for the dimensions of spaces of mod-

ular forms

In fact, we can do rather more than the abstract statement that the spaces

of modular forms for SL2(Z) are finite-dimensional. We can actually make

these statements effective, by giving a finite set of generators for any space

of modular forms of level 1, and proving explicit dimension formulae. We

will then state similar dimension formulae for more general congruence

subgroups.

3.2.1 Formulae for the full modular group

We will begin by proving some basic results about Mk(SL2(Z))

and Sk(SL2(Z)). These will allow us to prove dimension formulae and

also to find a basis for any given space of modular forms for SL2(Z).

Proposition 3.3. Let k be an integer. Then

(1) M0(SL2(Z)) = C.

(2) M2(SL2(Z)) = 0, and if k < 0 or if k is odd then Mk(SL2(Z)) = 0.

(3) If k ∈ {4, 6, 8, 10, 14}, then Mk(SL2(Z)) = CEk.

(4) If k < 12 or k = 14 then Sk(SL2(Z)) = 0; S12(SL2(Z)) = C∆, and

if k ≥ 16 then Sk(SL2(Z)) = ∆ · Mk−12(SL2(Z)).

(5) If k ≥ 4 then Mk(SL2(Z)) = Sk(SL2(Z)) ⊕ CEk.

Proof.
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(1) We saw above that the only possible modular forms of weight 0 are

constants.

(2) There is no solution in non-negative integers to (3.1) when k = 2, or

when k < 0. If k is odd then we have seen using the transformation

formula in (2.5) that there are no nonzero forms of odd weight.

(3) If k ∈ {4, 6, 8, 10, 14}, then there is exactly one solution to (3.1), and

we have already shown that Ek is a nonzero modular form of weight k.

If f ∈ Mk(SL2(Z)), then f/Ek is a modular form of weight 0, hence a

constant, so clearly f = c · Ek for some c ∈ C.

(4) If k < 10 or k = 14 then there are no solutions to (3.1) with v∞(f) > 0

(because the left-hand side is too large), so there can be no nonzero cusp

forms of weight k. If k = 12 then there is exactly one solution to (3.1)

in non-negative integers, which has v∞(f) = 1 and all other vP (f) =

0, and we have already shown that ∆ is a cusp form of weight 12,

hence S12(SL2(Z)) = C∆.

Let k = 12 or k ≥ 16. To prove the final assertion of this part, we

note that f ∈ Sk(SL2(Z)) must have at least a simple zero at ∞, by

definition. We also note that the unique zero of the ∆ function is at ∞,

so f/∆ has no poles on H or at ∞, so it is therefore a modular form

of weight k − 12, as was to be shown.

(5) Let f ∈ Mk(SL2(Z)). If f is not a cusp form, then its Fourier expansion

at ∞ has nonzero constant term c. We note that f − cEk has constant

term 0, so vanishes at the cusp ∞, so is a cusp form.
�

We note here that we are genuinely using the fact that a modular form f is

holomorphic both on H and at the cusp ∞; if we weaken these conditions

then we will almost certainly have infinite-dimensional spaces. For example,

consider the function j(z) := E3
4/∆, which is a weight 0 weakly modular

form, but is not a modular form because it has a simple pole at ∞. We

will see later that j is an example of a modular function, and also that the

space of modular functions of weight 0 is infinite-dimensional.

Remark 3.4. In the final part of this proposition, our result relies heavily

on the fact that SL2(Z) has only one cusp, which we can take to be ∞.

For other congruence subgroups, it is extremely important to note that the

vanishing of the constant term of the Fourier expansion at ∞ does not nec-

essarily make a modular form a cusp form2. In Exercise 10 of Chapter 4, we

2In [Gouvêa and Mazur (1992)], the modular form Ek(q)−Ek(qp), for k ≥ 4 and even,
is called the evil twin, because it mimics a cusp form without being one in various ways,
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will see an explicit example of a modular form (for a congruence subgroup)

that vanishes at ∞ but is not a cusp form.

We now use Proposition 3.3 to derive a formula for the dimension of the

space of modular forms of weight k for SL2(Z).

Theorem 3.5 (Dimension of Mk(SL2(Z)) and Sk(SL2(Z))). Let k be

an even positive integer. Then

dimMk(SL2(Z)) =

{⌊
k
12

⌋
+ 1, if k 6≡ 2 mod 12⌊

k
12

⌋
, if k ≡ 2 mod 12.

(3.3)

and

dimSk(SL2(Z)) =

{⌊
k
12

⌋
, if k 6≡ 2 mod 12⌊

k
12

⌋
− 1, if k ≡ 2 mod 12.

(3.4)

Proof. We will proceed by induction. If k ≤ 14, then we can use Propo-

sition 3.3 to find the dimensions of Mk(SL2(Z)) and Sk(SL2(Z)) and verify

that these are the numbers given by the formula. Also, by part 5 of Propo-

sition 3.3, we see that the dimension of Sk(SL2(Z)) is one less than the

dimension of Mk(SL2(Z)).

Now we assume that we have proved the theorem for weight k forms

and we consider weight k + 12 forms. From the preceding proposition we

see that

Mk+12(SL2(Z)) = CEk+12 ⊕ Sk+12(SL2(Z)) = CEk+12 ⊕ ∆ · Mk(SL2(Z)),

and now we are in a position to apply the induction hypothesis, because we

know the dimension of Mk(SL2(Z)). The cases k ≡ 2 mod 12 and k 6≡ 2

mod 12 are exactly similar, and we see that ⌊k/12⌋+ 1 = ⌊(k + 12)/12⌋, so

we are done. �

Using this theory, and the knowledge that E4 and E6 are modular forms,

we can find a basis for Sk(SL2(Z)) and Mk(SL2(Z)).

Proposition 3.6. Let f(z) ∈ Mk(SL2(Z)) be a modular form. Then there

exist αa,b ∈ C such that

f(z) =
∑

a,b∈N
4a+6b=k

αa,b · E4(z)a · E6(z)b.

such as vanishing at the cusp ∞.
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Proof. We will use induction on k. If k ∈ {0, 4, 6, 8, 10, 14} then the space

of modular forms is one-dimensional, and the following modular forms span

the respective spaces Mk(SL2(Z)): 1, E4, E6, E2
4 , E4 · E6, E2

4 ·E6. We see

that all of these are polynomials in E4 and E6. Also, if k = 12 then a basis

is given by {E3
4 , E2

6}.
Now we assume that k ≥ 16, and that if k′ < k then every element

of Mk′(SL2(Z)) can be written as a polynomial in E4 and E6. It is clearly

possible to find integers a and b such that 4a + 6b = k, so we have a non-

cuspidal modular form Ea
4 · Eb

6 of weight k with constant term 1. Let f be

an arbitrary nonzero modular form of weight k. We can find c ∈ C such

that f − cEa
4 ·Eb

6 ∈ Sk(SL2(Z)) (we take c to be the constant coefficient in

the Fourier expansion of f). We can write f − cEa
4 · Eb

6 = ∆ · g, where ∆

is the normalized cusp form of weight 12 and level 1, and g is a modular

form of weight k − 12. Using the induction hypothesis, we see that g is a

polynomial in E4 and E6, and as ∆ = (E3
4 −E2

6 )/1728, it is clear that f is

a polynomial in E4 and E6. �

Remark 3.7. An induction of this form is a common method of proof for

results of the form “Property X holds for all Mk(SL2(Z))”. Exercise 1

gives an example of another, similar, proof. A common feature is the use

of induction, and the bijection from Mk(SL2(Z)) to Sk+12(SL2(Z)) given

by multiplication by ∆.

3.2.2 Formulae for congruence subgroups

Having given a full account of the induction for SL2(Z), we will not give

all the details for general congruence subgroups, but will state dimension

formulae for congruence subgroups and give an overview of the proof. These

formulae can be found in several places; Sections 3.5 and 3.6 of [Diamond

and Shurman (2005)], Sections 6.1 and 6.2 of [Stein (2007)] and Section 2.6

of [Shimura (1994)], for instance. An older reference is the paper [Cohen

and Oesterlé (1977)].

First we will need to define some notation. If p is a prime and N is a

positive integer, we define vp(N) to be the normalized p-valuation of N .
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We define the following functions:

µ0,2(N) :=






0, if 4|N,
∏
p|N

p prime

(
1 +

(
−4
p

))
otherwise.

µ0,3(N) :=






0 if 2|N or 9|N,
∏
p|N

p prime

(
1 +

(
−3
p

))
otherwise.

c(N) :=
∑

d|N
φ(gcd(d, N/d)).

Here φ is the standard Euler φ function, also called the Euler totient

function, c(N) is the number of cusps of Γ0(N), and
(
·
p

)
is the Legendre

symbol if p 6= 2 and is −1 if p = 2. We define g(N) to be

g(N) := 1 +
[SL2(Z) : Γ0(N)]

12
− µ0,2(N)

4
− µ0,3(N)

4
− c(N)

2
.

(g(N) is known as the genus of the modular curve X0(N); this is an object

that parametrizes pairs of elliptic curves together with a cyclic subgroup of

order N . We briefly mention these objects in Remark 5.15, but will not go

into the theory of modular curves here; a good first reference is [Diamond

and Im (1995)], Section 7).

We can now give the general dimension formula for spaces of modular

forms for Γ0(N).

Theorem 3.8. Let k be a non-negative even integer and let Γ0(N) be a

congruence subgroup. If k = 0, we have dim Sk(Γ0(N)) = 0, if k = 2, then

we have dimSk(Γ0(N)) = g(N), and if k ≥ 4 then

dimSk(Γ0(N)) = (k − 1)(g(N) − 1) +

(
k

2
− 1

)
· c(N)

+ µ0,2(N) ·
⌊

k

4

⌋
+ µ0,3 ·

⌊
k

3

⌋
.

The dimension of the space of Eisenstein series (the Eisenstein subspace)

is

dimEk(Γ0(N)) =

{
c(N) if k 6= 2,

c(N) − 1 if k = 2.

Remark 3.9. We see that in the special case where N = 1, we have

that g(1) = 0, and the formula in Theorem 3.8 simplifies to ⌊k/12⌋ if k 6≡ 2

mod 12 and ⌊k/12⌋ − 1 if k ≡ 2 mod 12.
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There are similar formulae for the dimension of the space of modular

forms for Γ1(N); we have to define some more functions.

µ1(N) :=

{
[SL2(Z) : Γ0(N)] if N = 1, 2,

[SL2(Z)/{±1} : Γ1(N)/{±1}] otherwise.

µ1,2 :=

{
0 if N ≥ 4,

µ0,2(N) otherwise.

µ1,3(N) :=

{
0 if N ≥ 4,

µ0,3(N) otherwise.

C(N) :=





c(N) if N = 1, 2,

3 if N = 4,∑
d|N

φ(d)φ(N/d)
2 otherwise.

We also define

G(N) = 1 +
µ1(N)

12
− µ1,2(N)

4
− µ1,3

3
− C(N)

2
.

(This is the genus of the modular curve X1(N), which parametrizes pairs

of elliptic curves together with points of order N).

We can now give the dimension formulae for modular forms for Γ1(N).

Theorem 3.10. Let N and k be positive integers, and let k ≥ 2. If N =

1, 2, then dim Sk(Γ1(N)) = dimSk(Γ0(N)), because Γ1(N) = Γ0(N).

If N ≥ 3 then the dimension is given by

dimSk(Γ1(N)) =

{
G(N) if k = 2,

(k − 1)(G(N) − 1) +
(

k
2 − 1

)
C(N) + α, if k ≥ 3,

where

α =





1
2 if N = 4 and k is odd,⌊

k
3

⌋
if N = 3,

0 otherwise.

The dimension of the space of Eisenstein series is

dimEk(Γ1(N)) =

{
C(N) if k ≥ 3,

C(N) − 1 if k = 2.

Remark 3.11. We notice that in the statement of the theorem there are

some explicit identities of the form Sk(Γ0(N)) = Sk(Γ1(N)) given; there

are a handful of others. It can be seen that if k is even, then Sk(Γ1(4)) =

Sk(Γ0(4)); we can show this either by checking that their dimensions are

equal (and noting that one is contained within the other), or by noting

that there are only two Dirichlet characters modulo 4; one is odd and one

is even, and the even one is trivial; see Exercise 21.
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Remark 3.12. There is an extra term α in the formula when N ≤ 4;

this appears because there are two types of cusps; regular and irregular,

and these contribute different amounts to the dimension sum. We will

not discuss these here; references can be found in [Diamond and Shurman

(2005)], Section 3.2, and [Koblitz (1993)], Exercise III.3.2. An example of

an irregular cusp is the cusp −1/2 for the congruence subgroup Γ1(4).

We notice also that the dimensions of the spaces of Eisenstein series are

(for k 6= 2) equal to the number of cusps.

The basic idea of the proofs for these formulae is the same as for the case

of SL2(Z); we can use results we have already derived to find fundamental

domains for our congruence subgroups, and then we can perform contour

integrals around these fundamental domains to obtain residue formulae akin

to that given as (3.1). We can derive formulae from this.

Proofs of these results about the dimensions of spaces of modular forms

can be found in Sections 3.5 and 3.6 of [Diamond and Shurman (2005)];

the specific question of the dimension of the Eisenstein subspace is also

discussed in [Koblitz (1993)], at the end of Chapter III, Section 5.

Analogous formulae can be generated for other congruence subgroups,

such as Γ(N) or Γ0(N), in a similar way.

3.3 The Sturm bound

If we are given two modular forms of the same weight, how can we tell if

they are the same? We can consider the Fourier expansion of their difference

and see whether the first few coefficients are zero, but we need to use some

thought to see whether this means that the modular form itself is zero.

For instance, if we look at the modular form ∆100 we see that its first 100

Fourier coefficients vanish, but this does not mean that it is zero.

In this section, we will derive an explicit and effective bound on the

number of coefficients of a modular form that one has to compute to show

that it is zero. We note that we do need to know both the weight and the

level of the modular form to do this, as otherwise we will never know if we

have computed enough terms; see Exercise 4 for more details.

We can use the residue formula (3.1) to settle this directly for modular

forms for SL2(Z). If the order of vanishing ν∞(f) of a modular form f is

strictly greater than k/12 then there is no possible solution to the residue

formula equation, so f must be identically zero.

The general theorem was first given by Sturm in [Sturm (1987)]; it is
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called either the Sturm bound or the Hecke bound in the literature. A more

modern reference is Section 9.4 of [Stein (2007)].

Theorem 3.13 (Sturm [Sturm (1987)]). Let Γ ∈ SL2(Z) be a congru-

ence subgroup of index M and let f ∈ Mk(Γ) be a modular form. If

ν∞(f) > M · k

12
then f is identically zero.

Proof. If Γ = SL2(Z) then we can prove this immediately by considering

the residue theorem (3.1), as we did above; if f has a zero of order greater

than k/12 at ∞, then it must be zero, because the right-hand side of the

residue formula (3.1) is k/12, and all of the elements of the left-hand side

are non-negative.

We now use the fact that Γ is a subgroup of finite index of SL2(Z); this

means that we can write

SL2(Z) =

M⋃

i=1

Γγi,

for some finite set of γi ∈ SL2(Z). Without loss of generality, we can assume

that γ1 = I. We define a modular form F by

F := f ·
M∏

i=2

f |[γi]k;

we will now show that F is a modular form for SL2(Z), so we reduce it to

a case that we have solved. We note that each of the f |[γi] is a modular

form of weight k for a suitable congruence subgroup, by a variant of the

argument before Proposition 2.20.

To show that F is a modular form for SL2(Z), we need to show that it

transforms correctly under the action of SL2(Z). This will follow because

allowing an element g ∈ SL2(Z) to act on the right permutes the γi, so the

product is left unchanged. This means that F is not just a modular form

for Γ, but a modular form for the full modular group.

We see that F has weight kM , because it is the product of M weight k

modular forms, so we now apply the theorem in the level 1 case to obtain

the bound. �

Remark 3.14. We see that the bound is in fact sharp in general for SL2(Z);

if we consider the modular form ∆i, we see that it has a unique zero of exact

multiplicity i at ∞, so we cannot replace the strict inequality with a non-

strict inequality.
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We can now prove as a corollary and special case of this result that, for

every congruence subgroup Γ, the space of modular forms of weight 0 is ex-

actly the constant functions. We will need this specific result in Chapter 5.

Corollary 3.15. Let Γ be a congruence subgroup, and let f ∈ M0(Γ).

Then f is a constant function.

Proof. If Γ = SL2(Z) then we have proved this result above as Proposi-

tion 3.3, so we will assume that Γ is strictly contained in SL2(Z).

We let f ∈ M0(Γ), and let a = f(Z) be the value of f at some fixed

point Z ∈ H. Because Γ is a congruence subgroup, it has finite index within

the full modular group SL2(Z), so we can write SL2(Z) as a finite union of

cosets of the form αiΓ. We now consider the modular function of weight 0

F (z) :=
n∏

i=1

(f |[α−1
i ]0 − a) =

n∏

i=1

(
f(α−1

i z) − a
)
.

By the arguments given in Theorem 3.13, we see that F is a modular form

of weight 0 for SL2(Z), so by Proposition 3.3, we see that F is a constant.

We now note that we can choose one of the cosets to be IΓ, where I is

the identity matrix. The term in the product defining F which corresponds

to I will simply be (f(z)− a), as the identity matrix acts trivially. We now

compute F (Z) for our chosen Z ∈ H, and we see that F (Z) = 0, so in

fact F is identically zero. This means that one of the factors of F must be

zero, as the meromorphic functions on H are a field (Exercise 13).

In other words, we have that f(α−1
i z) − a = 0 for some i and for all z

in the Poincaré upper half plane. By making the change of variable from z

to αiz (which is allowable, because if z ∈ H then αiz ∈ H as well), we see

that f(z) = a for all z ∈ H, so f is a constant function, which is what we

wanted to prove. �

There is an interesting distinction here between the worst-case scenario,

which is that the Sturm bound is sharp, and the fact that modular forms,

and especially eigenforms for the Hecke operators (which we will see in

Chapter 4), found “in nature” are often very easy to tell apart; often, any

difference between the forms appears well before the Sturm bound3.

Using the methods of this section, we can see that there is a similar

bound on the number of zeroes that a modular form can have at any par-

ticular point of H. We have presented our work in this way because we can
3This type of analysis often occurs in computer science, where there are several algo-

rithms whose worst-case behaviour is markedly worse than the usual behaviour; examples
are the “quicksort” algorithm for sorting a list and the simplex algorithm to solve linear
programming problems.
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find a Fourier expansion at ∞ for our modular forms, so we already know

what the order of vanishing of f at ∞ is.

The existence of the Sturm bound for arbitrary congruence subgroups

actually implies the finite-dimensionality theorem we stated earlier; we now

give the proof.

Proof. [Proof of Theorem 3.1] Let Γ be a congruence subgroup of in-

dex M , and let f ∈ Mk(Γ) be a nonzero modular form. If k = 0, we see

that f must be a constant by applying Theorem 3.13, and if k < 0 then f is

identically zero; this follows because the modular form F we would obtain

by following the proof of the Sturm bound would have weight mk < 0, and

would therefore be identically zero, and therefore at least one of the f |[γi]k
would be zero. We can therefore assume that f must have weight greater

than 0.

This means that there are only finitely many choices for the order of

vanishing of f at ∞, and if we have two modular forms which have the same

order of vanishing r at ∞ then we can take a suitable linear combination

of them, which will have order of vanishing strictly greater than r; we can

see this by a comparison of their Fourier series at ∞. This means that we

can write down a basis for the space with dimension at most the number

of possible orders of vanishing, and this is finite. �

We see that we have actually proved more than the bare statement of

Theorem 3.1, as we have the explicit bound of kM/12 on the dimension.

This is compatible with the exact dimension formulae we stated; our proof

of Theorem 3.1 does not show that the bound of kM/12 is obtained.

3.4 Exercises

(1) Using induction, or otherwise, show that every modular form of level 1

with integer coefficients is a polynomial in E4, E6 and ∆ with inte-

gral coefficients (where we recall that these are normalized as follows:

E4(q) = 1 + · · · , E6(q) = 1 + · · · , and ∆ = q + · · · ).
(2) In this exercise we will show that all modular forms of level Γ0(2) can be

written as polynomials in two modular forms, E∗2 (q) := E2(q)−2E2(q
2)

and E4(q).

(a) Check that M2(Γ0(2)) has dimension 2.

(b) Check that (E∗2 )2 and E4 are linearly independent modular forms

of weight 4. Check also that M6(Γ0(2)) has dimension 2, and find
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a basis in terms of E∗2 and E4.

(c) Show that S8(Γ0(2)) has dimension 1, and use Theorem 5.10 to

find a nonzero element F in this space. Write F in terms of E∗2
and E4.

(d) Show that Sk(Γ0(2)) = F · Mk−8(Γ0(2)).

(e) Show that the “Eisenstein” subspace of Mk(Γ0(2)) has dimension 2;

in other words, that we have

Mk(Γ0(2)) = CA ⊕ CB ⊕ Sk(Γ0(2)),

where A and B are linearly independent non-cuspidal modular

forms of weight k. You may wish to consider how many cusps Γ0(2)

has; does this knowledge help you here?

(f) Hence or otherwise, show that the following formulae hold:

dimMk(Γ0(2)) =

⌊
k

4

⌋
+ 1,

dim Sk(Γ0(2)) =

⌊
k

4

⌋
− 1.

(g) Check that these formulae are consistent with those given in The-

orem 3.8.

(3) Choose a congruence subgroup Γ and perform similar computations to

those given in Exercise 2.

(4) Find modular forms of fixed weight which have arbitrarily many zeroes

at the cusp ∞. Find modular forms of fixed level which have arbitrarily

many zeroes at ∞.
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Chapter 4

The arithmetic of modular forms

There still remain three studies suitable for free citizens. Arithmetic is
one of them. — Plato, the Laws.

From our discussions in Chapter 2 and Chapter 3, one could be forgiven for

thinking that, in the words of [Stein (2007)], modular forms live in “an ob-

scure corner of complex analysis”. For number theorists, however, modular

forms are interesting for their arithmetic properties. In Chapter 2, we saw

hints of this, with the constant term of Gk(z) being shown to be 2ζ(k), the

appearance of the Bernoulli numbers with their link to Fermat’s Last The-

orem, and the terms of the Fourier expansion of Ek(z) being multiplicative

functions.

We will study these properties in more detail in this chapter, in prepa-

ration for the applications of the theory to arithmetic questions which we

will see in Chapter 5. Much of what we will see and prove will depend on

the finite-dimensionality results we have proved in Chapter 3.

In addition to the books mentioned at the beginning of Chapter 2,

another and more advanced reference for the arithmetic aspects of modular

forms is [Shimura (1994)]. The introductory chapter of [Bump (1997)] is

also useful, as are the books [Sarnak (1990)] and [Hellegouarch (2002)].

The book [Miyake (2006)] considers the subject in much more generality;

the congruence subgroups are examples of Fuchsian groups, and one can

develop the theory for these groups. The book [Ford (1957)] gives a classical

treatment of the subject of automorphic forms in this generality.

The online notes of Milne on modular forms [Milne (1997b)] and elliptic

curves (available as a book [Milne (2006)] and online as [Milne (1997a)] are

also useful and freely available references for the arithmetic aspects of the

theory.

It is a recurrent theme of books on modular forms that no one book cov-

57
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ers everything, but by reading several books one can obtain an overview of

the subject; the different (possible) approaches between them cover nearly

every way in which we can approach modular forms.

4.1 Hecke operators

There are a collection of extremely important and fundamental linear oper-

ators acting on modular forms, called the Hecke operators. In this section,

we will motivate them, define them and talk about their properties.

4.1.1 Motivation for the Hecke operators

If we take coprime positive integers m and n then we can check experimen-

tally that τ(m · n) = τ(m) · τ(n) (and in fact this holds in general); we

say that such a function is multiplicative. Also, it is a pleasant (and much

more elementary) exercise (Exercise 3) to show that the coefficients of the

Eisenstein series Ek are multiplicative in this sense. It is natural to ask

how one can generalize this, and maybe even to ask if one can find a basis

of the space of modular forms composed of such forms.

It was noticed long ago (by Ramanujan, amongst others) that the

Fourier coefficients of ∆ and of the Ek also satisfy recurrence relations;

for instance, if p is a prime, then we have

τ(pr+2) = τ(pr+1) · τ(p) − p11τ(pr), for r ≥ 0, (4.1)

and if k ≥ 4 is an even integer, we have

σk−1(p
r+2) = σk−1(p

r+1) · σk−1(p) − pk−1σk−1(p
r), for r ≥ 0.

In [Hellegouarch (2002)], Section 5.7, the following ingenious heuristic argu-

ment is given for the τ(n) to be multiplicative. Let r be a positive integer,

and define the operator Ur on Fourier expansions by

Ur

( ∞∑

n=0

anqn

)
:=

∞∑

n=0

arnqn.

If Ur was an endomorphism of S12(SL2(Z)) (which, sadly, it is not) then

we would have that

Ur∆ = cr∆ for some cr ∈ C,

because S12(SL2(Z)) is a 1-dimensional complex vector space. Furthermore,

by looking at the explicit action of Ur, we see that we would have τ(r) =
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crτ(1) = cr for every r ≥ 1, and furthermore, by iterating this, we would

find that

τ(mn) = τ(m) · cr = τ(m)τ(n),

for every m, n ∈ N (so we would actually have that τ is completely multi-

plicative, not just multiplicative).

We will modify this idea of using Ur to show multiplicativity, and

introduce endomorphisms of the spaces of modular forms Mk(SL2(Z))

and Sk(SL2(Z)) which are “averages” in some sense of the Ur; these will

allow us to find modular forms which have Fourier coefficients with the mul-

tiplicative property. We will also see that the operator Ur is a map from

certain spaces of modular forms to themselves, but not normally modular

forms for SL2(Z).

It is interesting to think about how one would find out that certain

modular forms satisfy recurrence relations such as (4.1), if one had to rein-

vent the theory from scratch. When Ramanujan made his conjectures there

was very little computing power available, so making large tables of coef-

ficients was rather harder than it would be today. Noticing that the τ(n)

are multiplicative requires much less data. Both of these could be guessed

at by analogy with the coefficients of the Eisenstein series Ek, although the

proof that the Fourier coefficients of Ek are multiplicative and satisfy the

recurrence relation uses only elementary methods.

4.1.2 Hecke operators for Mk(SL2(Z))

We first consider the simplest case; Hecke operators acting on modular

forms for the full modular group SL2(Z) (also known in the literature as

the “level 1” case). There are several equivalent ways to consider this;

we follow the approach of [Hellegouarch (2002)], Section 5.7.1, which uses

coset operators defined in terms of matrices of determinant p to define the

Hecke operator Tp. In a later section, we will use a definition in terms of

double cosets; see [Koblitz (1993)], Section III.5 for yet another approach,

involving modular points. We stress that these different approaches do all

give the same Hecke operators.

Definition 4.1 (Hecke operators). Let n be a positive integer and let M

be the set of matrices
(

a b
c d

)
∈ M2(Z) with determinant n. We define the

Hecke operator Tn to be

(Tnf)(z) := nk−1
∑

µ∈SL2(Z)\M
f |[µ]k. (4.2)
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We have several things to check here; SL2(Z) acts on M on the left, so

we can decompose M into orbits under this action. There are finitely many

of these orbits, so for any choice of the µ that we make, the sum will be

finite and therefore will make sense.

Now we need to show that this operator is well-defined; in other words,

the sum in (4.2) should be independent of the choice of orbits that we make.

Let γ ∈ SL2(Z). Then

f |[γµ]k = (f |[γ]k)|[µ]k = f |[µ]k,

because, as f is a modular form of weight k, f |[γ]k = f . This means that

it is well-defined, which is what we wanted to show.

We now have enough information to prove the following theorem, which

amongst other things tells us that the Tn are multiplicative; this will allow

us to prove that the Fourier coefficients of ∆ are multiplicative.

Theorem 4.2. Let k and n be positive integers, and let f ∈ Mk(SL2(Z))

have Fourier expansion at ∞ given by f(z) =
∑∞

n=0 anqn. Then the fol-

lowing hold:

(1) Tnf ∈ Mk(SL2(Z)), and if f ∈ Sk(SL2(Z)), then Tnf ∈ Sk(SL2(Z)).

(2) If m and n are positive integers, then

Tn · Tm =
∑

0<d|(m,n)

dk−1 · Tnm/d2 = Tm · Tn. (4.3)

In particular, we see that Tm · Tn = Tmn if (m, n) = 1.

Proof. First, we will prove that Tnf is a modular form, by checking the

three conditions given in the definition of a modular form in Chapter 2

(holomorphic on H and at ∞, and transforming correctly under the action

of SL2(Z)).

We see from Definition 4.1 that if f is holomorphic on H, then Tnf is

also holomorphic on H; this is one of the three conditions that we have to

check. We also see that Tnf is weakly modular of weight k for SL2(Z), so

now we have to show that it is holomorphic at ∞.

We can choose the coset representatives µ to be upper triangular by

multiplying by a suitable element of SL2(Z) on the left, which will not

change the sum in Tnf . We then multiply on the left by ± ( 1 r
0 1 ), where r ∈

Z. Because ad = n (the matrix has determinant n) we can assume that a >

0 and 0 ≤ b < d. Therefore, with this choice of representatives, we have
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that

(Tnf)(z) = nk−1
∑

a,d>0

ad=n

d−1∑

b=0

d−kf

(
az + b

d

)
.

We will now use the following relation:

D :=

d−1∑

b=0

f

(
az + b

d

)
=

∞∑

m=0

d · amd · qma.

This follows from the fact that the map z 7→ (az + b)/d sends qr to qar/d ·
e2πirb/d; we collect up the powers of e2πi and note that if d ∤ r then the

coefficient of qr in D will be 0, because the sum over the roots of unity will

be 0. If on the other hand we have that d | n, the roots of unity are all

going to be 1, so then we get d copies of ar.

We see that if f is holomorphic at ∞, then Tnf is also holomorphic

at ∞. The constant term of D is given by d · a0, so f vanishes at ∞ if and

only if Tnf does, so the Hecke operators Tn preserve Sk(SL2(Z)).

We now prove the second part of the theorem about how these Hecke op-

erators combine with one another. Firstly, we will show that the special case

where (m, n) = 1 holds; in other words, that Tmn = Tm·Tn when (m, n) = 1.

We will then show (4.3) holds if m and n are both powers of the same

prime p, and then build up the general case from these two special cases.

We give an overview of this, and leave the details to Exercise 4.

The case when m and n are coprime follows because any prime power

divisor of mn is either a divisor of m or a divisor of n. We can check

that given a matrix from Tmn, we can write it as a product of a matrix

representing Tm and a matrix representing Tn, and also that the Möbius

transformations combine correctly. We see from Exercise 4 that each of the

terms in the expansion of Tmn can be rewritten as a product of a term from

the expansion of Tm and a term from the expansion of Tn, and this allows

us to rewrite Tmn as the product of Tm and Tn.

We now show that

Tpr · Tps =
∑

0<pi|(pr ,ps)

pi(k−1) · Tpr+s−i , (4.4)

if r and s are positive integers. We will do this by induction on s. Firstly,

we see that Tpr ·Tp = Tpr+1 +pk−1Tpr−1 by multiplying out the products on

both sides, and checking that they are equal. We then assume (4.3) for Tpr

and Tps , and use this to show that it holds for Tpr and Tps+1.
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Finally, we see that given general m and n, we can write Tm and Tn as

products of Hecke operators Tp
ri
i

. Because these are coprime to one another

if pi 6= pj , we can reorder them so that we have

Tmn =

t∏

i=1

Tp
ri
i

,

where all of the pi are distinct. We then use the fact that we have proved

the result for Tpr , substitute in the formula in (4.4), and we have the

formula (4.3), as required. �

We note that if we take m = p and n = pr in (4.3) and rearrange the terms,

we obtain

Tpr+1 = Tpr · Tp − pk−1Tpr−1 , for r ≥ 1. (4.5)

This is the standard way that we build up Hecke operators; if we know how

Tp acts for every p, then we can use (4.5) to compute all of the Tpr and

then every Hecke operator Ts by using that Tmn = Tm ·Tn. A similar form

of this holds in more generality, which we consider in the next section.

We note that, because the Hecke operators map the space Mk(SL2(Z))

to itself, and they preserve Sk(SL2(Z)), if we have a 1-dimensional space

of modular forms then its generator must be an eigenfunction for all of the

Hecke operators, which we will call an eigenform. Let us now make a formal

definition of this concept.

Definition 4.3. Let f be a modular form. If for every positive integer n

there exists λn ∈ C such that Tnf = λnf , then we say that f is an eigenform

(for the Hecke operators Tn); we also sometimes say that it is a simultaneous

eigenform for the Tn.

The canonical first example of a cuspidal eigenform is the ∆ function;

because Sk(SL2(Z)) = C · ∆, we have that

Tn∆ = λn · ∆, for all n ∈ N.

We see that this is the correct generalization to the motivational statements

in the introduction involving Ur. Similar statements apply to all of the 1-

dimensional spaces of cuspforms for SL2(Z), by exactly similar reasoning.

The multiplicativity for the Fourier coefficients of the Eisenstein se-

ries Ek is a less deep fact; we can show it by explicitly considering the

function σk−1(n) and showing that it is multiplicative on prime powers.
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4.1.3 Hecke operators for congruence subgroups

As we remarked above, there are several ways to consider the Hecke oper-

ators; another fruitful way of looking at them is to consider the theory of

double cosets. We follow the treatment given in [Diamond and Shurman

(2005)], Chapter 5 and [Koblitz (1993)], Section III.5 here. Let Γ1 and Γ2

be congruence subgroups of SL2(Z) ([Koblitz (1993)] treats this in slightly

more generality, which we will not need here).

Let α be an element of GL+
2 (Q) (this is the subgroup of elements

of GL2(Q) which have positive determinant). We define a double coset

in GL+
2 (Q) to be

Γ1αΓ2 = {g1αg2 : g1 ∈ Γ1, g2 ∈ Γ2}.

We can use these double cosets to map modular forms to modular forms in

the following way; we define the double coset operator by:

f |[Γ1αΓ2]k :=
∑

i

f |[βj ]k,

where the βj are a set of orbit representatives for Γ1\Γ1αΓ2; in other words,

we have Γ1αΓ2 = ∪jΓ1βj . We will now show that this double coset operator

is well-defined, so that it is independent of the choice of the βj , and that

this action sends modular forms for Γ1 to modular forms for Γ2.

We need to show that if f ∈ Mk(Γ1), then f |[Γ1αΓ2]k ∈ Mk(Γ2), and

that if f is a cusp form then f |[Γ1αΓ2]k is a cusp form as well. This is given

on pages 165–166 of [Diamond and Shurman (2005)]; we will summarize

their argument here.

Firstly, we show that this action is well-defined. Suppose that we have

two representatives of the same orbit in Γ1\Γ1αΓ2, so Γ1β1 = Γ1β2. We

can write these βi as γi,1αγi,2 for some γi,j ∈ Γj , and we see that αγ1,2 ∈
Γ1αγ2,2. Because f is a modular form for Γ1, it is weight-k invariant under

the action of elements of Γ1, so we have that

f |[β1]k = f |[αγ1,2]k = f |[αγ2,2]k = f |[γ2,1αγ2,2]k = f |[β2]k,

as required. We may insert γ2,1 because it is an element of Γ1 and hence

acts trivially.

To show that f |[Γ1αΓ2]k is a modular form of weight k for Γ2 we need

to show that it transforms correctly under the action of Γ2. This follows

because multiplication by an element g2 ∈ Γ2 on the right permutes the

orbit space Γ1\Γ1αΓ2 by right multiplication. So if {βj} is a set of coset
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representatives, then {βjg2} is also a set of orbit representatives. This

means that

(f |[Γ1αΓ2]k)|[g2]k =
∑

j

f |[βjg2]k = f |[Γ1αΓ2]k.

This shows that f |[Γ1αΓ2]k is weakly modular ; we now need to show that

it is holomorphic at the cusps; this follows because we end up considering

a sum of functions, each of which we can show to be holomorphic at the

cusps. This sum of functions is itself holomorphic at the cusps.

Finally, if f is a cusp form then it can be shown that the sum of functions

in the previous paragraph is a sum of holomorphic functions, each of which

vanishes at all of the cusps, so therefore f |[Γ1αΓ2]k is a cusp form if f is a

cusp form.

Although we have outlined this in a great deal of generality, in practice

we are very interested in only a few of these operators. In [Diamond and

Shurman (2005)], it is shown that every double coset operator is given by

a combination of the three special cases below:

(1) Γ1 ⊂ Γ2. This gives a trace map which projects Mk(Γ1) onto Mk(Γ2).

(2) Γ1 = α−1 ·Γ2 ·α. Here, the double coset operator map gives an isomor-

phism between Mk(Γ1) and Mk(Γ2).

(3) Γ1 ⊃ Γ2. A modular form for Γ1 will also be a modular form for Γ2,

because it has to satisfy fewer conditions; the double coset operator

becomes the inclusion map from Mk(Γ1) into Mk(Γ2).

There are two types of “standard” Hecke operators acting on modular forms

of level Γ1(N) that one encounters in nature. These are the Hecke op-

erators Tn, which generalize the operators Tp introduced in the previous

section, and the diamond operators, which we define here.

Definition 4.4. Let N be a positive integer and let f ∈ Mk(Γ1(N)).

Let α =

(
a b

c d

)
∈ Γ0(N). We define the diamond operator 〈d〉 to be the

double coset operator f |[Γ1(N)αΓ1(N)]k.

Because Γ1(N) is a normal subgroup of Γ0(N), the diamond operator is

number (2) in the list above. The action of α is completely determined

by d modulo N because the subgroup Γ1(N) acts trivially on f .

If f ∈ Mk(Γ0(N), χ), then it can be shown that the diamond operator

acts on f as multiplication by χ(d).
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We will now define the Hecke operators Tp for modular forms of

level Γ1(N) in terms of the double coset operators. It can also be shown

that the diamond operators commute with the Tp.

Theorem 4.5. Let N be a positive integer and let p be a prime

number. The action of the double coset operator [Γ1(N)
(

1 0
0 p

)
Γ1(N)]k

on Mk(Γ1(N)) is given by

Tp(f) =






∑p−1
j=0 f |[

(
1 j
0 p

)
]k, if p|N,

∑p−1
j=0 f |[

(
1 j
0 p

)
]k + f |[( m n

N p ) ·
(

p 0
0 1

)
]k, if p ∤ N,

(4.6)

where m, n are integers with mp − Nn = 1.

Proof. We refer to Section 5.2 of [Diamond and Shurman (2005)] for the

details of this proof, which relies on a careful computation of the double

coset, and then an analysis which gives the explicit representation of the

action of the double coset. �

Remark 4.6. If we change Γ1(N) to Γ0(N) in Theorem 4.5, and keep α

the same, then we can replace the final matrix in (4.6) with
(

p 0
0 1

)
, because

the matrix γ := ( m n
N p ) is an element of Γ0(N), and therefore f |[γ]k = f .

Having found out how these Hecke operators act on spaces of modular

forms, we now consider what their effect is on Fourier expansions.

Theorem 4.7. Let f in Mk(Γ0(N), χ) be a modular form with Fourier

expansion f(q) =
∑∞

n=1 anqn and let m be a positive integer. The action

of the Hecke operator Tm on the Fourier expansion of f is given by

(Tmf)(q) =

∞∑

n=0

bnqn, (4.7)

where

bn =
∑

1≤d| gcd(m,n)

χ(d)dk−1amn/d2 .

Remark 4.8. We note that this proof generalizes that of Theorem 4.2.

A useful point to note is that it is much easier to compute the Fourier

expansion of f ((az + b)/(cz + d)) if c = 0.

Proof. We will first consider n = p where p is prime. We look at exactly

how the matrices given in the definition of the Hecke operator act on Fourier
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expansions. Let 0 ≤ j < p; we see that

f |
[(

1 j
0 p

)]

k
(z) = pk−1(0z + p)−k · f

(
z + j

p

)
=

1

p
·
∞∑

n=0

an(f)e2πin(z+j)/p

=
1

p

∞∑

n=0

an(f)qn
p · ζnj

p ,

where qp = e2πiz/p and ζp = e2πi/p is a pth root of unity. It is a well-known

fact from number theory that the sum
∑p−1

j=0 ζnj
p is p if p|N and 0 otherwise,

so we find that, if we sum over j then

p−1∑

j=0

f |
[(

1 j
0 p

)]

k
(z) =

∞∑

n=0
n≡0 mod p

an(f)qn
p =

∞∑

n=0

anp(f)qn.

If p ∤ N , then we have one extra term, which gives the additional summand

f |[( m n
N p ) ·

(
p 0
0 1

)
]k(z) = (〈p〉f)[

(
p 0
0 1

)
]k(z)

= pk−1(0z + 1)−k(〈p〉f)(pz) = pk−1
∞∑

n=0

an(〈p〉f)qnp;

(the action of the matrix ( m n
N p ) is trivial because it is an element of Γ0(N)),

and the action of 〈p〉, as we have seen above, is to multiply by the character

evaluated at p. This gives the Fourier expansion for n = p.

We now let n be an arbitrary positive composite integer. We define the

Hecke operators for prime powers in a similar way to the level 1 case, by

Tpr+1 = Tp · Tpr − pk−1〈p〉 · Tpr−1 , if r ≥ 1, (4.8)

and we define Tmn := Tm · Tn if (m, n) = 1. It can be shown that the

formula in the theorem holds for pr and then for n by induction on r. �

We note that if n = p is prime then (4.7) simplifies to

(Tpf)(q) =

∞∑

n=1

(
apn + χ(p)pk−1an/p

)
qn,

where we have the convention that if n/p is not an integer then an/p is

zero, and if p|N then χ(p) = 0. Also, if we take χ = 1 and let N = 1, we

see that we recover the formula given earlier for level 1; this shows that the

different definitions of Hecke operators are in fact compatible and give the

same answers.

We have that, if f ∈ Mk(Γ0(N), χ), then equation (4.8) becomes

Tpr+1 = Tpr · Tp − χ(p) · pk−1 · Tpr−1 , (4.9)



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

The arithmetic of modular forms 67

as the diamond operator 〈p〉 acts as multiplication by χ(p) here.

The algebra generated by these Hecke operators over a given ring is of

independent arithmetic interest: we define it here.

Definition 4.9. Let Γ be a congruence subgroup and let R be a ring. We

define TR(Sk(Γ)) to be the Z-algebra generated by the Hecke operators Tn

acting on Sk(Γ), tensored over Z with R. This is known as the Hecke

algebra associated to Sk(Γ).

Some authors consider the Hecke algebra generated by only those Tn

which have (n, N) = 1, where N is the level of Γ. This is sometimes called

the anaemic Hecke algebra.

We will see later that this is in fact a finitely generated algebra over R

(standard choices for R are Z or a finite field Fq), and in Exercise 6 the

reader can compute a Hecke algebra with small dimension for themselves.

In Chapter 7 we will see how to compute Hecke algebras with computer

algebra packages.

In Section 3.3, we saw that there is an explicit bound, called the Sturm

bound, on how many coefficients of a modular form we need to compute

to uniquely identify it. The paper [Kilford and Wiese (2008)] considers

the question of the Sturm bound’s sharpness for computing Hecke algebras

(especially over a field), and gives algorithms which can terminate before

reaching the Sturm bound if the entire algebra has been computed.

We can use the Sturm bound to compute the number of Hecke op-

erators needed to generate Hecke algebras; there is an interesting remark

(Remark 9.24) in [Stein (2007)] which says that it does not suffice in general

to use only the operators Tp where p is prime and less than or equal to the

Sturm bound to compute the Hecke algebra as a ring over Z. For instance,

let us consider the one-dimensional space S4(Γ0(5)). We can check that the

Sturm bound here is 2, and the eigenvalue of T2 acting on this space is −4,

so the algebra Z[T2] is 4Z. However, TZ(S4(Γ0(5))) = Z; we need to also

take into account the Hecke operator T1.

There are also examples of this phenomenon where the dimension of the

space of modular forms is greater than 1; in Exercise 5, we will see how to

find such spaces computationally.

We will now say a few words about the arithmetic interest of Hecke

algebras. The most famous application of these is undoubtedly in the proof

by Taylor and Wiles of Fermat’s Last Theorem; we note that [Taylor and

Wiles (1995)] is about ring-theoretic properties of Hecke algebras.

However, they do have other applications. In a slightly broader context,
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they have been used by [Lansky and Pollack (2002)], to prove that, if a

certain conjecture of Gross holds, then there is a Galois extension of Q

with Galois group GL2(F5) which is ramified only at 5.

The paper [Calegari and Stein (2004)] considers them for their arith-

metic interest; it computes many discriminants of Hecke algebras, and

gives conjectures which relate the p-divisibility of these discriminants to

the existence or otherwise of mod p congruences between modular forms

in Sk(Γ0(p)). One of the conjectures of this paper has been proved recently

in [Ahlgren and Barcau (2007)].

The book [Krieg (1990)] gives an overview of Hecke algebras in a wider

context.

Remark 4.10. It is very important to note that the action of the Hecke

operator Tn on a modular form f of level N which is prime to n is different

to the action of the Hecke operator Tn on the modular form f considered

as a modular form of level Nn. This illustrates that we have to remember

what the level of a form is; we cannot simply look at the Fourier expansion

at ∞. It is important to remember that the modular form is not just its

Fourier expansion.

As an example of this, let us consider the modular form f := ∆ · E4 ∈
S16(SL2(Z)). We will see later that this is a simultaneous eigenform for

all of the Hecke operators Tn as it is the unique normalized cuspform of

weight 16 for SL2(Z).

However, we can also view it as a modular form of weight 16 and

level Γ0(2) via the inclusion map ı : Sk(SL2(Z)) →֒ Sk(Γ0(2)). The

form ı(f) now has the trivial character modulo 2, so we see that the action

of T2 is now given by

(T2ı(f))(q) =

∞∑

n=1

a2nqn.

Now f is not an eigenform for this new T2 (we can check this explicitly,

or note that it is an eigenform for the normal T2 and that the extra part

of the normal T2 is nonzero). We can find eigenvectors for this new T2

by considering its action on the space consisting of ı(f)(q) and f(q2) (see

Exercise 22).

For this reason, many authors use the following notation for what we

have been calling the “new T2”:

Definition 4.11. Let M := Mk(Γ0(N), χ) be a space of modular forms.

If p|N , then we call the Hecke operator Tp acting on M Up; its effect on
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Fourier coefficients is

(Upf)(q) =

∞∑

n=1

apnqn.

Another standard notation is to call the operator mapping Mk(Γ1(N)) into

Mk(Γ1(Np)) whose action on Fourier expansions is to send q to qp either V

or Vp. We see that the only forms which are eigenvalues for Vp are the

constants (because the rings of power series we are dealing with are not

infinitely divisible).

4.2 Bases of eigenforms

In Chapter 3, we found a basis for the space of modular forms of level 1

in terms of the Eisenstein series E4 and E6. However, this basis is not the

most useful choice; for instance, it is not composed of eigenforms for the

Hecke operators Tp in general (see [Emmons (2005)] for a proof of this). We

have already seen bases of eigenforms for some small-dimensional spaces of

modular forms; for instance, M12(SL2(Z)) has the basis {E12, ∆}, and both

of these forms are eigenforms for the Hecke operators (as can be seen from

dimension considerations).

In this section, we will prove that bases of eigenforms for all the Tp

exist, under certain conditions, and we will investigate those cases where

we cannot find bases of eigenforms for all the Tp.

4.2.1 The Petersson scalar product

We define the Petersson scalar product on modular forms.

Definition 4.12 (Petersson scalar product). Let Γ be a congruence

subgroup, let k be an integer and let F be a fundamental domain for Γ.

Let f, g ∈ Mk(Γ), with at least one of f and g being a cuspidal modular

form, and let g be the complex conjugate of g. We define the Petersson

scalar product or Petersson inner product to be

〈f, g〉 :=
1

[PSL2(Z) : PSL2(Z) ∩ Γ]

∫

F

f(z)g(z)yk dxdy

y2
.

We note some properties of this inner product which will be useful. It is

clear from the definition that it is linear in the first factor f and antilinear

in the second factor g; by this, we mean that 〈f, c · g〉 = c · 〈f, g〉, for c ∈ C
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(where again x means the complex conjugate of x). It is also antisymmetric;

we see that 〈f, g〉 = 〈g, f〉 straight from the definition, and finally we see

that it is also positive definite; we have 〈f, f〉 > 0, from a consideration of

the product inside the integral, and the knowledge that y is positive in the

fundamental domain F (because F ⊂ H). This means that the Petersson

scalar product is Hermitian.

We require at least one of f and g to be cuspidal to ensure that the

integral converges; this ensures that the integral vanishes at all of the cusps.

Remark 4.13. The Eisenstein series Ek are orthogonal to the cusp

forms Sk(Γ); that is, 〈Ek, f〉 = 〈f, Ek〉 = 0 for every f ∈ Sk(Γ). In fact, one

way to define Eisenstein series in general is to say that they are the space

of forms which are orthogonal to every cusp form with respect to the Pe-

tersson scalar product. Following the discussion at the end of Section III.5

of [Koblitz (1993)], this is an intrinsic way to define the Eisenstein series,

without reference to a specific congruence subgroup.

The multiplier before the integral in the definition of the inner product is

there to ensure that the scalar product is independent of the choice of Γ;

it is for this reason that we don’t need to carry around a subscript on the

scalar product to keep track of the group that f and g are defined over.

This is in contrast to the situation with Hecke operators, where they do

depend on the level of the modular forms they operate on. We note that

some authors do define the inner product without this normalization.

Now we will show that 〈, 〉 is well-defined; in particular, we need to prove

our claim that it is independent of the choice of fundamental domain F

for Γ.

Lemma 4.14. The Petersson scalar product 〈, 〉 is well-defined, and in-

dependent of the choice of fundamental domain F . Also, if f, g ∈
Mk(Γ0(N), χ) (with at least one of f and g being a cusp form) and α ∈
GL+

2 (Q) then

〈f, g〉 = 〈f |[α]k, g|[α]k〉 and 〈f |[α]k, g〉 = 〈f, g|[det(α) · α−1]k〉. (4.10)

Also, 〈f |[α]k, g〉 is only dependent on the double coset ΓαΓ.

Proof. We will define the hyperbolic measure on the Poincaré upper half

plane H by

dµ(z) =
dxdy

y2
, where z = x + iy ∈ H.
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We follow Koblitz’s exposition in Section III.5 of [Koblitz (1993)] in the

proof of this lemma. First, we will show that
∫

F dµ(z) converges; firstly,

we see that if Γ = SL2(Z) then

∫

F

dµ(z) =

∫

F

dxdy

y2
<

∫ 1/2

−1/2

∫ ∞
√

3/2

y−2dydx =
2√
3
. (4.11)

In the second integral we are using the fact that the standard fundamental

domain for SL2(Z) is the one given in Figure 2.1. Checking the inequalities

here and computing the integral is left as Exercise 8.

By Exercise 17, we see that this hyperbolic measure is invariant under

the action of SL2(Z), and in fact under the action of GL+
2 (Q). If we were to

choose a new fundamental domain G for Γ, then we could partition G into

regions R such that there exists α ∈ F with αR ⊂ F , and then we use the

result that dµ(z) is invariant under the Möbius transformation z 7→ αz to

show that the integrals over R as a region of G and over αR as a region of F

are equal. This shows that 〈, 〉 is independent of the choice of fundamental

domain, and also that dµ(z) is finite for any choice of Γ.

We will now prove the identities given in (4.10) by explicitly considering

the definition of the scalar product. Let Γ2 := Γ ∩ α−1Γα; this is a con-

gruence subgroup, and we know that f |[α]k and g|[α]k are modular forms

in Mk(Γ2), by the classification of Hecke operators given earlier. We have

that

〈f |[α]k, g|[α]k〉 (4.12)

=
1

[PSL2(Z) : PSL2(Z) ∩ Γ]

∫

α−1F

f |[α]k(z)g(z)|[α]k
dxdy

y2
(4.13)

=
1

[PSL2(Z) : PSL2(Z) ∩ (α−1Γ2α)]

∫

F2

f(z)g(z)yk dxdy

y2
(4.14)

=
1

[PSL2(Z) : PSL2(Z) ∩ Γ2]

∫

F2

f(z)g(z)yk dxdy

y2
(4.15)

= 〈f, g〉. (4.16)

In equation (4.12), we are using the fact that the hyperbolic measure is

invariant under the Möbius transformation z 7→ αz), and in equation (4.15),

we are using the fact that the congruence subgroups are isomorphic (under

the action of conjugation), so they have the same index inside PSL2(Z).

Now we will show that 〈f |[α]k, g〉 = 〈f, g|[α−1]k〉. We define α2 :=

det(α) ·α−1; we have that the weight-k action of α2 and of α−1 is the same,

as multiplication by scalars is a trivial action there. We now replace g
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by g|[α−1]k, and change our congruence subgroup to be αΓα−1, in the first

identity in (4.10), which we have just proved, to obtain

〈f |[α]k, g〉 = 〈f, g|[α−1]k〉,
as required.

Finally, we now show that 〈f |[α], g〉 depends only on the choice of an

element in the double coset ΓαΓ. Let γ1, γ2 ∈ Γ. We now perform the

following computations:

〈f |[γ1αγ2]k, g〉 = 〈f |[γ1α]k, g|[γ−1
2 ]k〉 (4.17)

= 〈f |[α]k, g〉; (4.18)

we apply the results we have just proved, to move the [γ2]k from one form

to the other, and also use the fact that f and g are modular forms and are

therefore weight-k invariant under the action of elements of Γ. �

We have now shown that the complex vector space Sk(Γ0(N), χ), equipped

with the Petersson scalar product, is an inner product space; it is in fact a

Hilbert space1.

Now we will prove a lemma which will give us a very useful set of coset

representatives for the double coset ΓαΓ. We follow the account given

in [Diamond and Shurman (2005)], Section 5.5.

Lemma 4.15. Let α ∈ GL+
2 (Q) and let Γ be a congruence subgroup. There

exists a set {βj} of elements of GL+
2 (Q) such that

ΓαΓ =
⋃

Γβj =
⋃

βjΓ.

Proof. There exist {γi} and {δj} in Γ such that

Γ =
⋃

j

(α−1Γα ∩ Γ)γj =
⋃

j

(α−1Γα ∩ Γ)δ−1
j ,

with both of these unions being disjoint. We have the following represen-

tatives in the double cosets:

ΓαΓ =
⋃

j

Γαγj and Γα−1Γ =
⋃

j

Γα−1δ−1
j ;

these are disjoint unions. We can rewrite the second of these as

ΓαΓ =
⋃

j

δjαΓ.

1It is said that David Hilbert and Richard Courant once attended a lecture which
discussed Hilbert spaces. After this lecture, Hilbert supposedly turned to Courant and
asked “Richard, exactly what is a Hilbert space?”
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We can further show that the cosets Γαγi and δjαΓ have nontrivial inter-

section, as otherwise we have Γαγj ⊂
⋃

i6=j δiαΓ, and if we multiply on

the right by Γ then we can see that the double coset ΓαΓ is a subset of⋃
i6=j δiαΓ, which is false. Therefore, for every j we can choose an element

of the nonempty set Γαγj ∩ δjαΓ and this will be βj , with the properties

we require of it.

We also note for reference in the next theorem that if we have a coset

decomposition of ΓαΓ =
⋃

j Γβj , then we also have the decomposition

Γ
(
det(α)α−1

)
Γ =

⋃

j

Γ
(
det(βj)β

−1
j

)
. (4.19)

This follows by manipulation of the cosets. �

We will now use the results we have just derived to find out exactly how

the Petersson scalar product and the Hecke operators interact.

Theorem 4.16. Let N be a positive integer, and let χ : (Z/NZ)× → C×

be a Dirichlet character. Let n be a positive integer with (n, N) = 1.

If f, g ∈ Mk(Γ0(N), χ) (with at least one of f and g being a cusp form)

then we have that

〈Tnf, g〉 = χ(n)〈f, Tng〉. (4.20)

Proof. If we can show that this holds for all Tp where p is prime (and

p ∤ N), then we can use the formulae given for the Hecke operators Tn to

prove the theorem for all of the Tn. We recall from Theorem 4.5 that we

have the following identity for Tpf :

Tpf = f |[Γ1(N)
(

1 0
0 p

)
Γ1(N)]k

=

p∑

j=0

f |[βj ]k

where the βj here are obtained using Lemma 4.15, so they commute

with Γ1(N). We note that all of these βj will have determinant p.
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We now use this for the final calculation:

〈Tpf, g〉 =
〈
f |[Γ1(N)

(
1 0
0 p

)
Γ1(N)]k, g

〉
(4.21)

=

〈
p∑

i=0

f |[βi]k, g

〉
(by the definition of Tp) (4.22)

=

p∑

i=0

〈f |[βi]k, g〉 (by linearity) (4.23)

=

p∑

i=0

〈
f, g|[det(β)β−1

i ]k
〉

(from (4.12)) (4.24)

=

〈
f,

p∑

i=0

g|[det(β)β−1
i ]k

〉
(from (4.19)) (4.25)

=
〈
f, g|[Γ1(N)

(
p 0
0 1

)
Γ1(N)]k

〉
, (by linearity). (4.26)

We now have to deal with this new Hecke operator. We note that the βj

have been chosen using Lemma 4.15.

We can choose integers m and n such that mp− nN = 1, and by direct

computation, we see that
(

p 0
0 1

)
=
(

1 n
N mp

)−1 ·
(

1 0
0 p

)
· ( p n

N m ) .

We see that the first matrix in the product is in Γ1(N) and the third is an

element of Γ0(N). This means that we have the following decomposition

of Γ1(N)
(

p 0
0 1

)
Γ1(N):

Γ1(N)
(

p 0
0 1

)
Γ1(N) = Γ1(N)

(
1 0
0 p

)
Γ1(N) ( p n

N m ) ; (4.27)

we obtain this by substituting in for
(

p 0
0 1

)
and then using the fact

that Γ1(N) is a normal subgroup of Γ0(N).

This relates the coset representatives for Tp and for the new Hecke op-

erator that we obtained in (4.26); we find that if we have the decomposition

Tp = [Γ1(N)
(

1 0
0 p

)
Γ1(N)]k =

⋃

j

Γ1(N)βj

then the corresponding decomposition for [Γ1(N)
(

p 0
0 1

)
Γ1(N)]k is

[Γ1(N)
(

p 0
0 1

)
Γ1(N)]k =

⋃

j

Γ1(N)βj ( p n
N m ) .

We now use the fact that m ≡ p−1 mod N to see that the matrix R :=

( p n
N m ) acts as the diamond operator 〈p−1〉, which acts by multiplication
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by χ(p−1), so we have

〈
f, g|[Γ1(N)

(
p 0
0 1

)
Γ1(N)]k

〉
=

〈
f,

p∑

j=0

g|[βj · R]k

〉

=

〈
f |[R−1]k,

p∑

j=0

g|[βj ]k

〉
(by (4.10))

= χ(p) · 〈f, Tpg〉 ,

as required. (It is easy to show that the bottom right coefficient of R−1 is

congruent to p modulo N). �

4.2.2 The Hecke operators are Hermitian

We now use this result to show that the Hecke operators are Hermitian

with respect to the Petersson scalar product.

Theorem 4.17. Let f, g ∈ Mk(Γ0(N), χ) be modular forms, at least one

of which is a cusp form. The Petersson scalar product 〈f, g〉 is Hermitian

and non-degenerate.

Let n be a positive integer which is prime to N , and let cn be a square

root of χ(n). Then we have

〈cnTnf, g〉 = 〈f, cnTng〉;
in other words, if (n, N) = 1 then the Hecke operators Tn are Hermitian

operators with respect to the Petersson scalar product.

Proof. We have shown that the scalar product is well-defined and non-

degenerate. It now remains to check that that it satisfies the equation given

above, which we do directly. (Here, α is the complex conjugate of α).

〈cnTnf, g〉 = cn〈Tnf, g〉 (linear in f)

= cn · χ(n)〈f, Tng〉 (from Theorem 4.16)

= cnc2
n〈f, Tng〉 (by the definition of χ)

= cn〈f, Tng〉
= 〈f, cnTng〉

as required. �

We will show that there are specific spaces of modular forms called new-

forms Mnew
k (Γ) and Snew

k (Γ); these have bases consisting of eigenforms for

all of the Hecke operators. In contrast, if there is a sufficiently large power
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of a prime dividing the level, it is possible to show that there is no basis of

forms which are eigenvalues for all of the Hecke operators.

The following theorem on the orthogonality of cusp forms with different

Dirichlet characters can be found in [Lang (1976)] as Theorem VII.5.2; we

leave the proof to the reader as Exercise 7:

Theorem 4.18. Let N be a positive integer and let χ, µ : (Z/NZ)× → C×

be distinct Dirichlet characters. If f ∈ Sk(Γ0(N), χ) and g ∈ Sk(Γ0(N), µ),

then we have

〈f, g〉 = 0.

Proof. See Exercise 7. �

The following theorem is called the Spectral Theorem of linear algebra;

if we have a finite-dimensional vector space with a set of operators acting

on it which commute with each other, then we have an orthogonal basis for

the space.

Theorem 4.19. Let V be a finite-dimensional complex vector space

equipped with a positive definite Hermitian form 〈, 〉.

(1) Let t : V → V be a linear map which is Hermitian; in other words,

if v, w ∈ V then 〈t(v), w〉 = 〈v, t(w)〉. Then V has a basis consisting of

eigenvectors for t (so t is diagonalizable).

(2) Let t1, t2, . . . be a sequence of Hermitian operators sending V to V which

commute with each other. Then V has a basis consisting of vectors

which are eigenvectors for all of the ti (so the ti are simultaneously

diagonalizable).

Proof.

(1) Because C is algebraically closed, we see that t has an eigenvector v1 by

considering the characteristic polynomial of t acting on V and noting

that it must have at least one root. We now define V2 := (Cv1)
⊥. As t

is a Hermitian map, V2 is stable under the action of t, so by the same

argument t has an eigenvector v2 in V2. We define V3 := (Cv1 +Cv2)
⊥,

and continue in the same way. Because V is finite-dimensional, and we

are dealing with strictly smaller vector spaces at each step, this process

must terminate, and so we are done.

(2) We know from (1) that we can write V = ⊕iVi, where each Vi is the

subspace of V where t1 acts as multiplication by λi, with each λi dis-

tinct. We now use the fact that t2 commutes with t1; this means that t2
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preserves each of the spaces Vi, so we can use the arguments from the

proof of (1) to decompose Vi into a sum of eigenspaces for t2. We

repeat this process for each successive tj until we obtain a decomposi-

tion V = ⊕Vk where all of the tj act as scalars on all of the Vk. We

now choose bases for the Vk and take the union of these bases; this is

a basis of simultaneous eigenvectors for all the tj.
�

Remark 4.20. We see that in this proof we have used that C is alge-

braically closed, to show that a polynomial over C has to have a root, and

the fact that V is finite-dimensional, to ensure that this process will end.

For the computational issues we are interested in, we note that the field Q

would have sufficed, and in fact after we have performed our calculations

we can choose a finite extension K of Q such that our operators t have a

root in K.

We can now use the results of this section to prove the following very

useful theorem on bases of eigenforms for almost all the Hecke operators Tp.

Theorem 4.21. Let N be a positive integer and let χ : (Z/NZ)× → C× be

a Dirichlet character. Then the space Sk(Γ0(N), χ), viewed as a complex

vector space, has a basis whose elements are eigenforms for all of the Hecke

operators Tn such that (n, N) = 1.

Proof. From Theorem 4.17, we see that if (n, N) = 1 then Tn is a Her-

mitian operator with respect to the Petersson scalar product, and therefore

we can apply Theorem 4.19 to the set of Tn which have (n, N) = 1. �

Remark 4.22. It can be seen that this is best possible in the following

sense; there exist spaces of modular forms where one does not have a basis

of simultaneous eigenforms for all the Tn (there exist integers n dividing N

such that there is no basis of eigenforms for Tn); this is explored in Ex-

ercise 3. Briefly, the problem that this exercise illustrates is that if there

are “sufficiently many” oldforms present then some of the Tn will fail to be

Hermitian.

We can also show that the coefficients of a normalized eigenform for SL2(Z)

must be real numbers (of course, if we allow the eigenform to be non-

normalized, we cannot expect the coefficients to be real).

Corollary 4.23. Let f be a normalized cuspidal eigenform for SL2(Z) of

weight k, with Fourier expansion
∑∞

n=0 anqn. Then the an are real.
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Proof. If f is not cuspidal and normalized, then it must be the Eisen-

stein series Ek, which is an eigenform with rational coefficients. Therefore,

without loss of generality we may assume that f is a nonzero cusp form.

Let Tn be a Hecke operator with T (f) = af . Then we have

a · 〈f, f〉 = 〈af, f〉 = 〈T (f), f〉 (4.28)

= 〈f, Tn(f)〉 = 〈f, af〉 = a · 〈f, f〉 (4.29)

Because the Petersson scalar product is positive definite and f 6= 0, 〈f, f〉 6=
0, so a must be its own complex conjugate, so it must be real. This holds for

all of the Hecke operators Tn, so all of the an are real numbers, as required.�

Let us consider an example where we can find a basis of eigenforms. We can

check that the space of modular forms S28(SL2(Z)) is 2-dimensional; we can

generate it by f1 := ∆ ·E4
4 and f2 := ∆2 ·E4; these are both cusp forms, as

they vanish at ∞, and they have weight 28, because they are the product

of modular forms whose weights sum to 28. They are linearly independent,

because ν∞(f1) = 1 and ν∞(f2) = 2. They have Fourier expansions

f1(q) = q + 936q2 + 331452q3 + 53282368q4 + O(q5) (4.30)

f2(q) = q2 + 192q3 − 8280q4 + O(q5). (4.31)

We will consider the action of the Hecke operator T2 on these forms; we

find that

T2(f1) = 936q + 187500096q2 + O(q3) = 936f1 + 18662400f2 (4.32)

T2(f2) = q + 8280q2 + O(q3) = f1 − 9216f2; (4.33)

because T2 preserves the space S28(SL2(Z)), we can write T2(f1) and T2(f2)

in terms of f1 and f2; we find the coefficients here by linear algebra. There-

fore, we have that the matrix of the Hecke operator T2 with respect to the

basis {f1, f2} we have chosen is
(

936 18662400

1 −9216

)
.

We can now diagonalize this matrix; we find that the eigenvalues

are −4140± 108
√

18209 and their respective eigenvectors are

f1 + (−5076 ± 108
√

18209) · f2. (4.34)

Because the Hecke operators commute with one another, and because these

two eigenspaces for T2 are already 1-dimensional, these two modular forms

are in fact simultaneous eigenforms for all the Hecke operators. We note

that they have coefficients which are real numbers, verifying the corollary.
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We recall an observation from [Koblitz (1993)], Exercise III.5.6, that

the discriminant of the field of definition of the simultaneous eigenforms

can be large; we can bound the degree of the field extension simply by

considering the dimension of the space, but the actual field of definition is

more difficult to pin down without actually doing the computation. There

are other fields of large discriminant which appear in similar examples. For

instance, in the exercise mentioned above, it is shown that the eigenforms

for S26(SL2(Z)) have Fourier expansions defined over Q(
√

144169).

We note that there is nothing special about the operator T2; we could

have chosen any Hecke operator Tp to diagonalize, but computing the op-

erator T2 requires knowledge of the fewest of the Fourier coefficients of f1

and f2, so is the best choice for computational purposes. We will pursue

this line of thought further in Section 7.5.3.

The choice of a basis {f1, f2} with the forms having different orders

of vanishing at ∞ follows the usage of [Koblitz (1993)], Exercise III.5.6;

this makes the linear algebra much easier, and aids computation. The

calculation is also aided by starting with a basis of forms which is defined

over Z.

In Exercise 1 the reader is invited to work through similar calculations

to gain familiarity with this type of argument.

4.2.3 Integral bases

In the worked example for S28(SL2(Z)) we found two bases of the space of

modular forms; we began with a basis with Fourier coefficients in Z, and

we found a basis of eigenforms with Fourier coefficients in Q(
√

18209).

This phenomenon occurs more generally; in Exercise 1 of Chapter 3 we

have seen that there is a Z-basis of Mk(SL2(Z)) which is also a C-basis, and

we have just proved that Mk(SL2(Z)) has a basis of eigenforms. We will

show that these (normalized) eigenforms have Fourier coefficients which are

algebraic integers.

This also aids our computations; working with floating-point numbers

leads to ambiguity (it is well-known that floating-point arithmetic is not

associative, for instance; see Section 7.5.4.1 for an example), but if we know

ahead of time that we are working with integers and we can work them out

to a sufficient precision, then we can know them exactly.

Proposition 4.24. Suppose that a space of modular forms S for SL2(Z)

has a Z-basis which is also a C-basis. Then it has a basis of eigenforms
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whose Fourier coefficients are real algebraic integers.

Proof. We consider the action of the Hecke operators Tn on Fourier

expansions. From (4.7) we see that if f has integral Fourier coefficients

then Tnf does also, so the coefficients of the characteristic polynomials of

the Tn are integral, so the eigenvalues of the characteristic polynomial must

be algebraic integers. These are real by Corollary 4.23. �

The two-dimensional example that we computed also shows that

we can have modular forms whose Fourier expansions are conju-

gate to one another; we see in equation (4.34) that the two

eigenforms are conjugates under the nontrivial automorphism in

Gal(Q(
√

18209)/Q). This also occurs in general; if f is a modular form

in Mk(Γ0(N), χ) with Fourier expansion f(q) taking values in some finite

extension F of Q, and σ ∈ Gal(F/Q), then

σ(f)(q) :=
∞∑

n=0

σ(an)qn

is the Fourier expansion of a modular form in Mk(Γ0(N), σ(χ)), where we

define σ(χ) to be the image of χ under σ. This follows by taking the

transformation formulae for f and applying σ to both sides of it.

4.3 Oldforms and newforms

We saw in Section 4.2 that we can find bases of spaces of modular forms

for all of the Hecke operators Tp which have p not dividing the level, and

also that in certain cases there is no basis of eigenforms for all of the Tp.

This leads us to ask for which spaces of modular forms we can find bases

of simultaneous eigenforms for the Hecke operators.

In this section, we will find a resolution to this problem, by identifying

important subspaces which can be spanned by bases of eigenforms. These

are called the newforms.

From Section 4.1.3, we see that if N |M , there are inclusion maps

from Mk(Γ∗(N)) into Mk(Γ∗(M)), where ∗ is one of 0, 1 or no symbol.

For instance, if p is a prime then we have three maps from Mk(Γ0(1))

into Mk(Γ0(p
2)), whose effect on Fourier expansions is to send f(q) to one

of f(q), f(qp) or f(qp2

).

The following definition will distinguish between those modular forms

which are in the image of these maps, and those which are not. One reason
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why we may wish to do this comes from Exercise 3; if there are “sufficiently

many” oldforms, then we no longer have a basis of eigenforms for the whole

space of modular forms.

Definition 4.25. Let N be a positive integer, and let d be any divisor

of N . We define the inclusion map ıd in the following way:

ıd : Sk(Γ1(N/d)) × Sk(Γ1(N/d)) → Sk(Γ1(N)) (4.35)

(f(z), g(z)) 7→ f(z) + g(zd). (4.36)

We define the space of oldforms at level Γ1(N) to be

Sold
k (Γ1(N)) =

∑

p|N
p prime

ıp (Sk(Γ1(N/p)) × Sk(Γ1(N/p))) ,

and the space of newforms at level Γ1(N) to be the orthogonal com-

plement of the oldforms with respect to the Petersson inner product in-

side Sk(Γ1(N)),

Snew
k (Γ1(N)) = (Sold

k (Γ1(N)))⊥.

Remark 4.26. In the literature, newforms are sometimes called primitive

forms. We also say that a modular form is new (respectively, old) if it is a

newform (respectively, an oldform).

We will now consider a few explicit examples of oldforms and newforms, to

fix our intuitions.

In certain cases, we know that the space of newforms is in fact all of the

space of modular forms; for instance when the level N = 1, so there are no

prime divisors of N . In that case we have

Snew
k (SL2(Z)) = Sk(SL2(Z)).

We notice that when the level is 1 the restrictions given in the theorems

concerning the Petersson inner product and the Hecke operators do not

apply, as there are no primes dividing the level. Therefore we can already

deduce that there exists a basis of simultaneous eigenforms for all of the

Hecke operators in level 1.

Another well-known example occurs when we have modular forms of

weight 2 and level Γ0(p), where p is a prime. We have shown in that there

are no nonzero modular forms for SL2(Z) with weight 2 (see Theorem 3.5),

so there can be no oldforms.
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Conversely, there are examples of spaces of modular forms where there

are only oldforms, and no newforms. For instance, consider S12(Γ0(2)). In

Exercise 14, we will see (by dimensional considerations) that

Sold
12 (Γ0(2)) = S12(Γ0(2)) and Snew

12 (Γ0(2)) = 0.

It can be seen that, for a fixed congruence subgroup Γ, there are only

finitely many spaces Sk(Γ) which are completely composed of oldforms,

because the rate of growth of the modular forms for Γ is faster than the

rate of growth of modular forms for congruence subgroups containing Γ.

We note that the zeroes of a modular form may change depending on

whether it is viewed as either an oldform or a newform. For instance, the

residue formula tells us that the ∆ function has a unique zero at ∞, but if

we view it as a modular form for Γ0(p) for a prime p, then because it is a

cuspform it vanishes at the cusps 0 and ∞ of Γ0(p). This follows because

under the action of SL2(Z) the set Q ∪ {∞} forms one equivalence class,

but under the action of Γ0(p) it forms two, so the zero “splits” in level p.

This reminds us that a modular form is always (implicitly) viewed as

having a certain level; usually it is implicit from context, but sometimes it

has to be stated explicitly to avoid confusion.

One very important property of the spaces of oldforms and newforms

is that they are both stable under the action of the Hecke operators; if f

is an oldform, then Tnf is also an oldform, and similarly if f is a newform

then Tnf is also a newform.

We prove this in two parts. The easier part is to show that the oldforms

are stable under the action of the Hecke operators.

Proposition 4.27. Let f ∈ Sold
k (Γ1(N)) be a modular form and let Tn be

a Hecke operator, with (n, N) = 1. Then Tnf ∈ Sold
k (Γ1(N)).

Proof.

By definition, if f is an oldform then we can write it as a sum of forms

with level dividing N , as follows:

f(q) =
∑

d|N
fd(q

d), with fd ∈ Sk(Γ1(N/d)).

We define gd(q) := fd(q
d) to make our notation easier to read. Because n

and Nd have no common factor, we have that

(Tnf)(q) =
∑

d|N
(Tngd)(q) (4.37)

=
∑

d|N
(Tnfd)(q

d). (4.38)
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We know that Tnfd(q) is an element of Sk(Γ1(N/d)) from the definition

of the Hecke operators, and the map whose action on Fourier expansions

is q 7→ qd maps modular forms from Sk(Γ1(N/d)) into Mk(Γ1(N)), and

specifically into Sold
k (Γ1(N)), so we are done. �

Now we will prove the corresponding result that the new subspace is pre-

served by the Hecke operators.

Proposition 4.28. Let f ∈ Mnew
k (Γ1(N)) be a modular form and let Tn

be a Hecke operator, with (n, N) = 1. Then Tnf ∈ Mnew
k (Γ1(N)).

Proof. The defining characteristic of a newform f is that it is orthogonal

to the space of oldforms with respect to the Petersson scalar product; in

other words, that

〈f, g〉 = 0 for all g ∈ Mold
k (Γ1(N)).

We will now use the self-adjointness property of the Hecke operators:

〈Tnf, g〉 = χ(n) · 〈f, Tng〉,
and by Proposition 4.27 we see that oldforms are preserved by Tn, so we

have that 〈f, Tng〉 = 0, as it is the inner product of an oldform and a

newform. This means that Tnf is a newform also, which is what we needed

to show. �

We also record a useful result that we will need later, which gives us

another interesting way of finding oldforms.

Theorem 4.29. Let N be a positive integer and let χ be a Dirichlet

character of conductor N . Let M be another positive integer and let ε be

a Dirichlet character of conductor M . Let f ∈ Mk(Γ0(N), χ) be a modular

form with Fourier expansion f(q) =
∑∞

n=0 anqn. Then there is a modular

form fε ∈ Mk(Γ0(NM2), χε2) with

fε(q) =
∞∑

n=0

ε(n)anqn.

We say that fε is f twisted by ε.

Proof. This can be found in [Shimura (1994)] as Proposition 3.64 and

in [Koblitz (1993)] as Proposition III.17.b. We follow the account given in

Shimura. Let ζ be an M th root of unity and let j be an integer. We define

a matrix αj :=
(

1 j/M
0 1

)
, and a Gauss sum W (χ) to be

W (χ) :=

r−1∑

c=0

χ(c)e(2πic)/r.
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We see by explicitly computing the Fourier series that

(f |[αj ]k)(q) =

∞∑

n=0

ane2πin(z+j/r) =

∞∑

n=0

ζjnanqn.

In fact, using Exercise 19, we see that

W (χ) · fε(q) =

N∑

i=1

χ(i) · f |[αi]k.

We now use Proposition 2.20 to show that each of the f |[αj ]k is a mod-

ular form for the congruence subgroup Γ1(NM2). Finally, we check that fε

actually is a modular form for Γ0(NM2) with character χε2, by the follow-

ing explicit means, again following the argument in [Shimura (1994)].

We take γ :=
(

a b
cN d

)
∈ Γ0(NM2), and define

δ :=

(
a + cjN/M β

cN d − cd2jN/M

)
,

where

β := b + dj(1 − ad)/M − cd2u2N/M2.

We have that the bottom right corner of δ is congruent to d modulo N

(because c is congruent to 0 modulo M2), and that δ has integral entries

(because ad is congruent to 1 modulo NM2), so therefore

(
1 j/M

0 1

)
·
(

a b

cN d

)
= δ ·

(
1 d2j/M

0 1

)
.

In fact, we could define the matrix δ by this equation.

This means that we have (if we set l = d2j) that f |[αjγ]k =

(f |[δ]k)|[αl]k = χ(d)f |[αj ]k, because f is a modular form for Γ0(N), so

we have that

g|[γ]k = W (χ)−1χ(d)ε(d2)
∑

l

f |[αl]k = χ(d)ε(d)2g,

so g transforms correctly under the action of an arbitrary γ ∈ Γ0(NM2), so

therefore it is a modular form for this subgroup with the correct character,

which is what we wanted to show. �
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4.3.1 Multiplicity one for newforms

We have seen in Exercise 3 that there are spaces of modular forms for which

there is no basis of simultaneous eigenforms for all of the Hecke operators;

the presence of a substantial number of oldforms made it impossible to find

a basis of eigenforms for a Tp with p|N . In this subsection, we will review

results which show that if we consider only a space of newforms then we

will always be able to find a basis of eigenforms for all the Hecke operators.

This uses the work of Atkin and Lehner from [Atkin and Lehner (1970)],

as extended by Miyake in [Miyake (1971)] and Li in [Li (1975)]; general

references for this subject are [Lang (1976)], Chapter VIII and [Diamond

and Shurman (2005)], Section 5.8.3. The reader should be aware that the

“character” mentioned in Theorem VIII.3.3 of Lang is the map which maps

an eigenfunction f and a Hecke operator Tn to the eigenvalue of Tn acting

on f .

We quote the following theorem from [Lang (1976)], where it appears

as Theorem VIII.3.1.

Theorem 4.30. Let f ∈ Sk(Γ1(N)) with Fourier expansion f(q) =∑∞
n=0 anqn. Suppose that there exists an integer M ≥ 1 such that an = 0

if (MN, n) = 1. Then there are modular forms gd ∈ Sk(Γ1(N/d)) with d|N
and Fourier expansions gd(q) such that

f(q) =
∑

d|N
gd(q

p).

Proof. A proof of this theorem is given in Section VIII.4 of [Lang (1976)].

It involves a careful analysis of the action of the Vp operator on the Fourier

expansions of modular forms. �

One of the first ingredients for the multiplicity one theorem is a result which

tells us that certain eigenforms are oldforms.

Theorem 4.31. Let N be an integer and let χ : (Z/NZ)× → C× be a

Dirichlet character. Let f ∈ Mk(Γ0(N), χ) be a nonzero eigenform with

Fourier expansion
∑∞

n=0 anqn for the Hecke operators Tm with (m, N) = 1.

If a1 = 0 then we have that an = 0 for (n, N) = 1, and hence that f is an

oldform.

Proof. Let p ∤ N be a prime number, and let λ be the eigenvalue of Tp

acting on f . By the definition, if n is a positive integer then

anp + χ(p)pk−1an/p = λ · an,
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where we take an/p = 0 if n is not divisible by p. We see that ap = 0, by

substituting in n = 1 and using the fact that a1 = 0, and then by induction

we see that every apr = 0.

To obtain the result for general n, we recall that Tn is defined as the

product of the Tpr such that pr||n. Therefore, if we have that Tpr = 0, we

see that Tn must be zero also, which is what we wanted to show.

Finally, we apply Theorem 4.30 to show that f is an oldform. �

It should be noted that just because a modular form for Γ1(N) is an eigen-

form for the Hecke operators Tn with (n, N) = 1, this does not mean that

it is a newform. For instance, consider ∆(q) as an element of S12(Γ1(2)).

This is an eigenform for Tn for every odd n, but it is not a newform.

We can now prove the following important result about the multiplicities

of eigenforms, which is Theorem 3.3 of Chapter VIII of [Lang (1976)].

Theorem 4.32 (Multiplicity one). Let N be a positive integer, and

let f and g be two eigenforms for the Hecke operators Tn with (n, N) = 1

with the same eigenvalues. If f is a nonzero newform then there exists

a constant λ ∈ C such that f = λ · g. If in addition g is an oldform,

then g = 0.

Proof. We will use the notation of [Lang (1976)] here.

By the definitions we have given for newforms and oldforms, any mod-

ular form g can be written as a sum of an oldform and a newform,

so g = go + gn, where go is an oldform and gn is a newform. As go and gn

have the same character, it will be enough to prove the theorem in the

special cases when g is a newform and when g is an oldform.

If g is a nonzero newform, then without loss of generality we may assume

that f and g are both normalized. This means that f−g is an eigenform and

a newform with Fourier coefficient a1 = 0, and therefore by Theorem 4.31

we see that f − g = 0, so f = g as required.

If g is a nonzero oldform then because we can find a basis of eigenforms

for the Tp with p ∤ N we can write it as a sum of the form

g =
n∑

i=1

aigi, ai ∈ C,

where the gi are old eigenforms for Tp with p ∤ N which have the same

character as g. We assume that gi appears with non-zero coefficient in g (if

there is no such gi then g is zero, which is a contradiction). We can write gi

as the image of a modular form h under the degeneracy maps from lower

levels (because it is an oldform).



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

The arithmetic of modular forms 87

We can use Theorem 4.31 on the modular form h (viewed as a newform)

to show that it has a Fourier expansion with a1 6= 0. This means that there

is a constant C such that f − Ch has Fourier coefficient b1 = 0, because f

is a newform and therefore has a1 6= 0, and f − Ch is an eigenfunction for

all of the Tp with p ∤ N , because both f and h are eigenfunctions with the

same eigenvalues.

By Theorem 4.31, we see that this means that f − Ch must be an

oldform, and therefore f must be an oldform, but f is also a newform

so f = 0. This is a contradiction to our assumption that g was nonzero, so

we are done. �

Remark 4.33. Theorem 4.32 is called a multiplicity one theorem because

it shows that each eigenspace in the space of newforms has dimension one.

This is in clear contrast to the space of oldforms, where an eigenspace

can appear with an arbitrarily high multiplicity. For instance, if we con-

sider S2(Γ0(2
n · 11)), then there is a space of oldforms {f(q2i

)}i=0,...,n−1

which has multiplicity n, where f ∈ S2(Γ0(11)) is the unique normalized

eigenform. The failure of multiplicity one can lead to unwanted effects, such

as the failure to have a basis of eigenforms for all of the Tp; see Exercise 3.

Remark 4.34. We also note that this theorem relies heavily on the fact

that we are working in characteristic 0. In Chapter 6, we will see that the

näıve generalization of multiplicity one to characteristic p can fail to hold

in certain cases.

The näıve generalization of multiplicity one to the mod p setting already

runs into the problem that we have modular forms which are congruent to

each other modulo certain primes; for instance, there are two eigenforms f1

and f2 which span S2(Γ0(37)), and it can be shown that they have Fourier

expansions which are congruent modulo 2.

We now prove that, if we have a space of newforms, then we can find a

basis of simultaneous eigenforms for all of the Hecke operators Tn. A good

although brief reference for this is given in [Milne (1997a)], Chapter 26.

Theorem 4.35 (Basis of simultaneous eigenforms for all the Tn).

Let N be a positive integer and let p be an arbitrary prime number. The

space Snew
k (Γ1(N)) has a basis of simultaneous eigenforms for all Tp, and

therefore for every Hecke operator Tn.
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Proof.

We can use the spectral theorem to write Snew
k (Γ1(N)) as a finite sum of

eigenspaces Bi for the Tp with p ∤ N , which gives us a basis B of eigenforms

for the Tp with p ∤ N . We will show that this basis is also a basis of

eigenforms for all the Tp.

Because we are dealing with a space of newforms, we can use Theo-

rem 4.32 to show that each of the Bi has dimension 1; we are using the

multiplicity one property here. This is the step which could break down if

we had oldforms present.

We now see that the Hecke operators Tp with p|N preserve each of

the spaces Bi, because the Hecke operators commute with one another.

This means therefore that the basis elements are also eigenforms for the Tp

with p|N , and therefore for all of the Hecke operators Tn. �

4.4 Exercises

(1) Choose some spaces of modular forms with small dimension, such as

S30(SL2(Z)) or S14(Γ0(2)), and compute a basis of eigenforms in the

following way (you may wish to use a computer for this):

(a) Find a basis for the space S of modular forms. You may want to

make sure that the elements of this basis have coefficients in Z, or

different orders of vanishing at ∞, or some other useful property.

(b) Compute the first few Fourier coefficients of each element of this

basis. Use the results of this chapter to work out how many coeffi-

cients you need to compute.

(c) Choose a Hecke operator T and compute the action of this Hecke

operator on the Fourier coefficients of each element f of your basis

of S. Write T (f) in terms of the elements of S.

(d) Write down the matrix of T with respect to the chosen basis of S,

and find its eigenvalues and eigenvectors.

(e) Check that the eigenvectors that you found in the last step are

actually eigenvectors for T .

(2) Let f be a normalized eigenform for all of the Hecke operators Tp with

Fourier expansion f(q) =
∑∞

n=0 anqn. Show that a1 6= 0. Show that

if f is a Hecke eigenform for all of the Tp except one then a1 can equal 0.

(3) In this exercise, we will show that there exist spaces of modular forms

which do not have a basis of simultaneous eigenforms for all of the
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Hecke operators.

(a) Let f0(z) ∈ S2(Γ0(19)) be the unique normalized eigenform. Show

that this space of modular forms is 1-dimensional, and explain

briefly why f0(z) is an eigenform for all of the Hecke operators.

(b) Verify that the coefficient of q3 is −2.

(c) Define f1(z) = f0(3z), f2(z) = f0(9z), f3(z) = f(27z). Check that

the fi are linearly independent in S2(Γ0(513)).

(d) Define V := {f0, f1, f2, f3}. Show that this space is stable under

the action of the Hecke operators, paying particular attention to T3

and T19. Why is f0, when considered as a modular form of level 513,

not an eigenform for T3?

(e) Compute the matrix of T3 acting on the space V . Show that there

are exactly three normalized eigenforms for T3 within V , and hence

that it does not have a basis of eigenforms.

(f) Find other examples of this phenomenon, in other levels and

weights and for other Hecke operators Tp. What properties of the

matrix are we using? Can you prove a general theorem about these?

(4) In this exercise we will go over the details of the proof of Theorem 4.2,

part (2). Let m and n be positive integers.

(a) Assume that m and n are coprime. Show that one can indeed

write each of the matrices comprising Tmn as a product of a matrix

from Tm and a matrix from Tn, and hence show that that Tmn =

Tm · Tn.

(b) Go through the details of the induction proof for (4.4).

(c) Finally, check that we can combine these to prove the result for

general m and n.

(5) Find spaces of modular forms Sk(Γ0(N)) of dimension at least 2 such

that the Hecke algebra over Z generated by the {Tp} up to the Sturm

bound is not the same as the Hecke algebra over Z generated by

the {Tn} up to the Sturm bound, in the following way:

(a) Generate a list of such spaces with dimension 2, say.

(b) Compute the Sturm bound for each of these.

(c) Compute both the full Hecke algebra and the anaemic Hecke alge-

bra over Z for each space, and compare the two.

(6) Compute the Hecke algebra over Q generated by the Tn acting

on S2(Γ0(37)).

(a) Compute the Sturm bound and work out how many Hecke oper-
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ators will be needed, and work out the dimension of this space of

modular forms.

(b) Using Magma or otherwise, compute some Hecke operators and

hence find the Hecke algebra TZ(S2(Γ0(37)).

(7) If f ∈ Mk(Γ0(N), χ) and g ∈ Mk(Γ0(N), µ) have different characters

then f and g are orthogonal with respect to the Petersson scalar prod-

uct.

(a) Verify that F := 〈f, g〉 = 〈f |[α]k, g|[α]k〉 for α ∈ GL+
2 (Q).

(b) Choose an α so that |[α]k is a useful diamond operator and

rewrite F so that the action of the diamond operator is outside

the Petersson inner product.

(c) Use this to show that 〈f, g〉 has to be zero.

(8) Check the computations in (4.11); in particular, show that the second

integral does evaluate to 2/
√

3.

(9) Let p be a prime number. Show that E∗2 (q) := E2(q) − pE2(q
p) is the

Fourier expansion of a modular form of weight 2 for Γ0(p).

(a) Show that E∗2 transforms correctly under the action of Γ0(p).

(b) Show that E∗2 has no poles at the cusps of Γ0(p).

(c) Verify that E∗2 has no poles on H.

(10) Let k ≥ 4 be an even integer, let p ≥ 2 be a prime and let E∗2 (q) be

the modular form defined in Question 9. Show that E∗2 is not a cusp

form, despite being having no constant term, by using the Ramanujan-

Petersson conjecture or otherwise. Explain how this is possible.

(11) In this exercise we will find modular eigenforms f and g such that f · g
is also a modular eigenform. This subject is discussed in [Emmons

(2005)].

Write down relations between the coefficients of f , g and f · g.

Here are some guidelines for finding these:

(a) It will be useful to have f , g and f · g contained within spaces of

modular forms with small dimension.

(b) Consider the coefficients of f and g. Can you put a constraint

on either f or g? In particular, can both f and g have nonzero

constant terms?

(12) Show that there are no cusp forms of weight 1 and level N < 23.

(a) Show that the product of two cusp forms is a cusp form.

(b) Using Question 2, consider whether the product of two cusp forms

is an eigenform, and recall that the Hecke operators Tp preserve
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the space of cusp forms.

(c) Use this to bound the size of the space of cusp forms of weight 2

and level N from below.

(d) Now use the dimension formulae given to prove the result, except

for level 22.

(e) To deal with level 22, find a basis for S2(Γ0(22)) of the form f(q) =

q + O(q2), g(q) = q2 + O(q3), and show that g(q) is not the square

of a Fourier expansion in q with rational Fourier coefficients.

(13) Show that the meromorphic functions on H form a field.

(14) In this exercise we will show that S12(Γ0(2)) = Sold
12 (Γ0(2)) and there-

fore that Snew
12 (Γ0(2)) = 0.

(a) Using the dimension formulae, or otherwise, show that

dimS12(Γ0(2)) = 2.

(b) Find two different ways to embed S12(SL2(Z)) into S12(Γ0(2)).

(c) Show that these two different modular forms are linearly indepen-

dent.

(15) In a similar way to Exercise 14, show that S8(Γ1(4)) = Sold
8 (Γ1(4)).

(16) Let Γ be a congruence subgroup and let k be an odd positive inte-

ger. Show that if −I ∈ Γ then Mk(Γ) = Sk(Γ) = 0. For which of

the standard congruence subgroups Γ0(N), Γ1(N), and Γ(N) is Mk(Γ)

identically 0?

(17) Let α =
(

a b
c d

)
∈ GL2(R). Show that dµ(αz) = dµ(z) for every z ∈ H,

by proving that

dαz

dz
=

detα

(cz + d)2

and then using the chain rule, or otherwise.

(18) Recall that if ε is a Dirichlet character, and f is a modular form with

Fourier expansion f(q) =
∑

n∈N anqn then the modular form fε from

Theorem 4.29 is defined to have Fourier expansion

fε(q) =

∞∑

n=0

ε(n)anqn.

Show that we can write the modular form fε in terms of the f |[αi]k,

by considering how to write the character ε in terms of the powers of

the root of unity ζ, or otherwise.

(19) In this exercise we prove some useful subsidiary results on Gauss sums

to help us prove Theorem 4.29.
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(a) Show that, if j ∈ Z and χ is a Dirichlet character modulo N , that

N−1∑

i=0

χ(i)ζij = χ(j)W (χ).

(b) For any χ, we have that W (χ) = χ(−1)W (χ).

(20) Let n ∈ N. Prove that if f ∈ Mk(Γ0(N), χ) is an eigenform for the

Hecke operator Tn and the constant term in the Fourier expansion of f

is nonzero, then the eigenvalue for Tn is given by

cm :=
∑

1≤d|m
χ(d)dk−1.

You may wish to consider (4.7).

(21) Let τ be the nontrivial Dirichlet character of conductor 4. Show that

Mk(Γ1(4)) = Mk(Γ0(4)), if k is even,

= Mk(Γ0(4), τ), if k is odd.

(22) Let f = ∆·E4 ∈ S16(SL2(Z)). Find eigenvectors for the action of the T2

operator on the subspace of S16(Γ0(2)) generated by the image of f

under the two inclusion maps. Choose other eigenvectors f at level N

and a prime p ∤ N and compute a basis of eigenvectors spanning the

space {f(q), f(qp)}.
(23) Can one extend Theorem 4.35 to spaces of modular forms Sk(Γ0(N)),

where N is cubefree? For instance, let k be an even integer and let p be

a prime, and consider spaces of modular forms of the form Sk(Γ0(p
2)).
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Chapter 5

Applications of modular forms

There is no branch of mathematics, however abstract, which may not
some day be applied to phenomena of the real world. — Nikolai
Lobachevsky.

In the previous chapter we laid some foundations for the study of modular

forms for the sake of their arithmetic. In this chapter we will consider some

classical and modern applications of modular forms and modular functions:

these will include

(1) finding the number of representations of an integer by a quadratic

form,

(2) approximating π,

(3) proving Picard’s Little Theorem,

(4) finding identities for sums and products of arithmetic functions, and

(5) bounding the number of points on an elliptic curve over a finite field.

Many of these results depend strongly on the finite-dimensional nature

of a given space of modular forms Mk(Γ) for a fixed weight k and congruence

subgroup Γ, which we proved in Chapter 3, using the complex-analytic

properties of modular forms.

We will also consider certain special types of modular forms; the lacu-

nary modular forms, which have large numbers of Fourier coefficients which

are zero, and forms with complex multiplication. We also consider modular

forms of half-integral weight, which appear naturally when one considers

the question of representing integers by quadratic forms in an odd number

of variables. Where suitable, we will prove our results; in other cases, we

include references to the literature in the text so that the reader will know

where to look to learn more.

We will also introduce the modular functions ; these are the fraction

93
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field of the modular forms. Because the space of modular functions of any

given weight is infinite-dimensional, we have to be careful with our analysis

of modular functions; we must be careful when trying to show that a given

modular function is zero. We will define an important modular function,

the j-invariant, and use this to explain a numerical coincidence similar to

those noted by Ramanujan.

We will also briefly consider the celebrated proof of Fermat’s Last

Theorem by Andrew Wiles; this relies crucially on the arithmetic of mod-

ular forms, and the link between modular forms and elliptic curves.

Some references for this chapter are [Koblitz (1993)], Chapter IV, for

the discussion of modular forms of half-integral weight, the introductory

chapter of [Cornell et al. (1997)], for the discussion of Fermat’s Last The-

orem, and [Miyake (2006)], for the discussion of the modularity of theta

functions.

5.1 Modular functions

In the definition of a modular form f , we have three conditions; that it

transforms correctly under the action of a congruence subgroup Γ, that it

is holomorphic at ∞ and any other cusps of Γ, and that it is holomorphic on

the half-plane H. It is natural to wonder what would happen if we weakened

these conditions; we would like to retain the transformation properties, but

what happens if we do not require f to be holomorphic at ∞, for instance?

It follows from the definition that if f and g are modular forms of

weight k, with g 6= 0, then f/g is weakly modular of weight 0. We see

that f/g is a modular form if for every zero of g at a point z0 which has

multiplicity n there is a zero of f at z0 which has multiplicity at least n;

we used this in Chapter 3 to find dimension formulae for modular forms

for SL2(Z), by dividing cusp forms of level 1 by the ∆ function, which has

a unique zero at ∞.

We now present the definition of a modular function.

Definition 5.1 (Modular Functions). Let k be an integer, let Γ be a

congruence subgroup and let f : H → C be a meromorphic function which

is weakly modular of weight k for Γ. We say that f is a modular function

of weight k for Γ.

Remark 5.2. The notation for modular functions varies by author. Some

allow modular functions to be of any weight, while others always assume
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that a modular function is a modular function of weight 0. We will allow

modular functions to have any weight.

Before we begin our study of modular functions of weight 0, we note here

that if f is a nonzero modular form of weight k, then 1/f is a modular func-

tion of weight −k; the weakly modular property is clear, and the meromor-

phicity of 1/f follows by considering the holomorphicity and transformation

properties of f .

The classic (and canonical) example of a modular function of weight 0

which is not a modular form is the modular j-invariant, which is defined

as

j(z) :=
E4(z)3

∆(z)
= q−1 + 744 + 196884q + · · ·

It is also sometimes known (especially in older work) as “Klein’s j-

invariant”, or “Klein’s absolute invariant”.

We see that the j-invariant is not a modular form because it has a

simple pole at ∞, corresponding to the unique zero of the ∆ function. We

note that this could also be deduced from the dimension formulae; the

space M0(SL2(Z)) = C, so as j(z) is not constant it cannot be a modular

form. On the other hand, we can see that it is a modular function of

weight 0 because it is a quotient of two modular forms of the same weight,

so transforms correctly under the action of SL2(Z) and is meromorphic

on H and at ∞.

Also, we see that any power of the j-invariant is also a modular function

of weight 0, by considering its transformation formula. This means that the

ring of modular functions of weight 0 is an infinite-dimensional complex

vector space, which is a very different situation to the world of modular

forms, where the space of modular forms of weight k is finite-dimensional

for any integer weight k. We will discuss this further in Chapter 7.

We will now show that every modular function of weight 0 for the full

modular group SL2(Z) is a rational function of j.

Theorem 5.3. The modular functions of weight 0 for SL2(Z) are exactly

the rational functions of j.

Proof. If f is a rational function of j then it is a quotient of two poly-

nomials in j. Each of these polynomials is a modular function of weight 0

(note that the constant term is also a modular function of weight 0), and

from the definitions we see that the quotient of these two modular functions

of weight 0 is also a modular function.
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Conversely, let f be a modular function of weight 0 for SL2(Z). By

considering the residue formula (3.1), which is valid for modular functions

as well as for modular forms, we see that f has only finitely many poles

in a fundamental domain F for SL2(Z). Let {pi} be the poles of f in F

counted with multiplicity, and define

g(z) := f(z) ·
∏

i

(j(z) − j(pi)).

This function has no poles on H, because each pole of f is cancelled out

by a zero in the product, and j has a unique pole at ∞. It is also a

modular function, because j(pi) is a constant, and therefore a modular

form of weight 0. If we can show that g is a rational function of j, then we

will have shown that f is a rational function of j too. So without loss of

generality we can assume that f has no poles in H.

We will now cancel the pole at ∞ by multiplying by a sufficiently large

power of ∆, which we recall has a simple zero at ∞. So there exists an

integer k such that ∆k · f(z) ∈ M12k(SL2(Z)).

From Proposition 3.6, we see that we can write f(z) as a linear combina-

tion of classical modular functions of the form Ea
4 ·Eb

6/∆k, where 4a+6b =

12k, so now we need to check that each of these modular functions is a

rational function of the j-invariant. We have that 3|a and 2|b, because 12

divides 4a + 6b, so in fact we only have to check that E3
4/∆ and E2

6/∆ are

rational functions of j, because we can write aEa
4 · Eb

6/∆k as a polynomial

in these two, simpler, modular functions. This follows because E3
4/∆ = j

and E2
6/∆ = j − 1728, so we are done. �

Finally, we will quote the following theorem on the field of modular

functions of weight 0 for Γ0(N) from [Milne (1997b)] (Theorem 6.1):

Theorem 5.4. Let N be a positive integer and let f be a modular function

of weight 0 for Γ0(N). We can write f as a rational function in j(z)

and j(Nz).

Proof. [Proof Sketch] There are two parts to the proof given in our refer-

ence; first, one must show that both j(q) and j(qN ) are modular functions

for Γ0(N), and secondly, one must show that they generate the field of

modular functions.

The first of these can be proved in one (fairly long) line of working:

following Milne’s proof, we see that if we let γ =
(

a b
Nc d

)
∈ Γ0(N), then

j(Nγz) = j

(
Naz + Nb

Ncz + d

)
= j

(
a(Nz) + bN

c(Nz) + d

)
= j(Nz),
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because
(

a bN
c d

)
∈ SL2(Z), and j is a modular function of weight 0

for SL2(Z).

To show that these generate all of the modular functions, one uses the

fact that Γ0(N) has finite index inside SL2(Z) and considers the action of

coset representatives of Γ0(N) on j(z). We refer to Chapter 6 of [Milne

(1997b)] for the details. �

We also note that we can extend the definition of the Hecke operators

to modular functions. From Section 2.3 of [Ono (2004)], we know that

the Tn operator acts in the following way on modular functions; if f(q) =∑∞
n=m anqn is the Fourier expansion of a modular function of weight 0,

then the normalized Hecke operator Tp has the following effect on Fourier

expansions:

Tpf(q) =

∞∑

n=pm

(panp + an/p)q
n,

where as usual an/p = 0 if n/p is not an integer.

We see that this is a modular function of weight 0 by generalizing the

definition of Hecke operators that we have given for modular forms to mod-

ular functions.

In particular, if f is a modular function for Γ of weight k with Fourier ex-

pansion
∑∞

n=m anqn, then Tpf is also a modular function for Γ of weight k.

We also have the operators Up and Vp:

Up(f)(q) =

∞∑

n=pm

apnqn and Vp(f)(q) =

∞∑

n=pm

anqpn.

We note that, as for modular forms with trivial character, if f ∈
Mk(Γ0(N), χ) then Upf and Vpf are both in Mk(Γ0(Np), χ), where the

second χ is understood to be a Dirichlet character modulo Np.

By considering the action of Hecke operators on modular functions of

weight 0, congruences involving the Fourier expansion of the j-function

have been proved by [Coogan (2005)] amongst others.

The following result on modular functions with a pole only at ∞ will

prove useful in a later chapter.

Proposition 5.5. Let g be a modular function for SL2(Z) of weight 0,

with no poles on H and a pole of order r at ∞. Then we can write g as a

polynomial in the j-invariant of degree r.

Proof. We will prove this result by induction. If r = 0 then g is a

modular form, so it is a constant. We now assume that we have proved
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the result for all m < r, and let g be a modular function with a pole of

order r at ∞ and no poles on H. We now consider the function g − αjr,

where α is the Fourier coefficient of q−r in the Fourier expansion of g. This

is a modular function with no poles on H and a pole of order strictly less

than r at ∞, so it is covered by the induction hypothesis and therefore we

are done. �

We note that in particular Tpj is a polynomial of degree p in j.

5.2 η-products and η-quotients

So far, we have considered Fourier expansions as infinite sums. There are

other ways of writing the Fourier expansions of modular forms as infinite

products ; we can obtain some interesting equivalences between sums and

products in this way.

In order to do this, we define the Dedekind η function1, also known as

the η function.

η(z) = q1/24
∞∏

n=1

(1 − qn), where q := exp(2πiz). (5.1)

We note that we will be considering η as either a function of z or a function

of q, depending on context.

This is a function from H to C which is holomorphic on H and has no

zeroes on H. It is not a modular form for any Γ1(N), but we will see that

we can construct modular forms using the η-product.

Definition 5.6. Let N be a positive integer, let {rδ} be a set of integers,

and let f be a meromorphic function from H to C of the form

f(z) =
∏

0<δ|N
η
(
qδ
)rδ

.

We call f an η-quotient, and if all of the rδ are non-negative we say that f

is an η-product.

There are theorems that tell us that certain η-products and η-quotients

are modular forms; for instance, we quote the following result of Ligozat

without proof:
1This is called the Dedekind η product to distinguish it from other η-products; for

instance, there is a Jacobi η-product, defined in Section 5.6 of [Armitage and Eberlein
(2006)]. There is also a Dirichlet η function η(s), defined to be (1 − 21−s)ζ(s), where ζ

is the Riemann ζ function.
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Theorem 5.7 (Ligozat [Ligozat (1975)], quoted in [McMurdy (2001)]).

Let N be a positive integer, and suppose that f(z) =
∏

0<δ|N η
(
qδ
)rδ is an

η-quotient which satisfies the following properties:∑

0<δ|N
δ · rδ ≡ 0 mod 24 (5.2)

and
∑

0<δ|N

N

δ
· rδ ≡ 0 mod 24. (5.3)

Then f(z) satisfies

f

(
az + b

cz + d

)
= χ(d)(cz + d)kf(z) (5.4)

for every ( a b
c d ) ∈ Γ0(N), where k := 1

2

∑
0<δ|N rδ, and

χ(d) :=

(
(−1)k · s

d

)
, where s :=

∏

0<δ|N
δrδ .

The function η is a useful building block for certain well-known modular

forms and modular functions; it can be said to behave like a “modular form

of weight 1/2” (in some sense). In Section 5.3, we will use powers of η to

find congruences that the Fourier coefficients of j satisfy. We can also write

the ∆ function in terms of η:

Theorem 5.8. Let z ∈ H and q := eπiz as usual. Then the following

equivalences hold:

∆(q) =

∞∑

n=1

τnqn = η(z)24 = q

∞∏

n=1

(1 − qn)24.

Proof. We will prove this by means of a lemma on the transformation

properties of the η function. This will show that η(z)24 transforms like a

weight 12 modular form under the action of the matrix
(

0 −1
1 0

)
. We see

that η(z)24 does transform correctly under the action of z 7→ z + 1, so the

lemma will show that η(z)24 is weakly modular of weight 12. It is clearly

holomorphic at ∞, as it has a Fourier expansion with no negative terms.

We also see that η(z) converges to a nonzero value for any z ∈ H, by

considering the product expansion given. It therefore defines a holomorphic

function on H. This means that η(q)24 is the Fourier expansion of a cusp

form of level 1 and weight 12. This is a 1-dimensional space of modular

forms, so we know that ∆ = c · η24 for some constant c. We note that

both ∆ and η(q)24 have Fourier expansions which begin q − 24q2 + O(q3),

so therefore c = 1. �
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We now state and prove the lemma on the transformation properties of η.

Lemma 5.9. Let
√

be the branch of the square root function which has

non-negative real part. Then we have

η(−1/z) =
√

z/i · η(z). (5.5)

Proof. If we can show that the logarithmic derivatives of the left- and

right-hand sides of (5.5) are equal, then we will have shown that this equa-

tion holds up to a multiplicative constant. However, if we substitute z = i

into this, then we see that the constant has to be 1, so if it holds it will be

an identity.

If we take the logarithmic derivative of η(z) as given in (5.1) with respect

to z (remembering that q = e2πiz), then we obtain

η′(z)

η(z)
=

2πi

24

(
1 − 24

∞∑

n=1

nqn

1 − qn

)
.

We can rewrite the fraction inside the sum as a geometric series in qn, and

collect up the terms with a particular power of q to obtain

η′(z)

η(z)
=

2πi

24

(
1 − 24

∞∑

n=1

n
∞∑

m=1

qnm

)
(5.6)

=
2πi

24

(
1 − 24

∞∑

m=1

∞∑

n=1

nqmn

)
(5.7)

=
2πi

24

(
1 − 24

∞∑

m=1

σ1(m)qm

)
=

2πi

24
E2(z). (5.8)

We recall from Proposition 2.9 that the transformation formula for E2(z)

is

E2(−1/z) · z−2 =
12

2πiz
+ E2(z);

We now substitute (5.8) into this to obtain

η′(−1/z)

η(−1/z)
· z−2 =

1

2z
+

η′(z)

η(z)
. (5.9)

We see that this is the logarithmic derivative of the relation (5.5), which is

what we wanted to prove, so we are done. �

In fact, one can derive a more general formula for the transformation of η

under SL2(Z): this is given by

η

(
az + b

cz + d

)
= ε · (cz + d)1/2η(z) for

(
a b

c d

)
∈ SL2(Z),
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where ε depends on
(

a b
c d

)
, and ε24 = 1. (The explicit definition of ε, which

depends on a, b, c, d, is somewhat complicated, so we do not give it here,

but it is given in Theorem 3.4 of [Apostol (1976)]). One can derive this

formula for any given γ ∈ SL2(Z) by writing γ in terms of the matrices S

and T and using Lemma 5.9.

There are certain spaces of modular forms which are one-dimensional

and spanned by η-products. These modular forms are eigenvectors for the

Hecke operators and therefore their coefficients are multiplicative and are

integral. The first example of this is the modular form ∆, which we have

just shown to have an η-product expansion. The following result gives a

list of some η-products which are eigenforms.

Theorem 5.10. Let N and k be positive integers such that k(N +1) = 24.

Then
(
η(q) · η(qN )

)k ∈ Sk(Γ0(N)), unless k = 1 or k = 3, in which case

we have
(
η(q) · η(qN )

)k ∈ Sk(Γ0(N),
( ·

N

)
).

Proof. The pairs (k, N) which satisfy this criterion are (12, 1), (8, 2),

(6, 3), (4, 5), (3, 7), (2, 11), and (1, 23). We have just shown that η(q)24

is the unique normalized cusp form of weight 12 for SL2(Z), so we have

already proved the theorem in the (12, 1) case.

Let S be Sk(Γ0(N)), if k is even, and Sk(Γ0(N),
( ·

N

)
), if k is odd. We

define g :=
(
η(q) · η(qN )

)k
.

This proof will be in two parts. Firstly, we will show that if there is a

nonzero modular form F in S, then it is a linear multiple of g. This does

by itself not show that g is a modular form; it could happen that S is zero-

dimensional, in which case g would not be a modular form. We then use

the dimension formulae to show that, in fact, S is a 1-dimensional vector

space.

The key idea in this proof is to consider the modular form

h := gN+1 =
(
η(q) · η(qN )

)k(N+1)
= ∆(q) · ∆(qN ) (5.10)

= qN+1
∞∏

n=1

(1 − qn)24(1 − qNn)24. (5.11)

Since ∆ ∈ S12(Γ0(1)), we see that ∆(qN ) ∈ S12(Γ0(N)) (it is an oldform

of level N , in the image of the map q 7→ qN ) and therefore that h ∈
S24(Γ0(N)).

The Fourier expansion given in (5.11) shows us that h has a zero of

multiplicity exactly N + 1 at ∞; we note that it has no zeroes on H,

because ∆ has no zeroes on H.
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We will now consider the Fourier expansion of h at the cusp 0; we notice

that all of the possible N given in the list are prime (except 1, which we

have already dealt with). From Exercise 6 of Chapter 2, we see if N is

prime then the congruence subgroup Γ0(N) has exactly two cusps, which

we may take to be 0 and ∞. Therefore, it will suffice to show that g has

no poles at 0 and at ∞, and we have already seen that g does not have a

pole at ∞, by considering its Fourier expansion at ∞.

To obtain its Fourier expansion at the cusp 0, we consider

h(z)|[
(

0 −1
1 0

)
]24 = z−24∆(−1/z) · ∆(−N/z) (5.12)

= z−24 · z12 · (z/N)12∆(z) · ∆(z/N) (5.13)

= N−12qN+1
N

∞∏

n=1

((1 − qn
N )(1 − qNn

N ))24, (5.14)

where the transformation in (5.13) comes from the transformation formula

for a modular form of weight 12, and qN := e(2πiz)/N . We see that h has a

zero of exactly multiplicity N + 1 in its Fourier expansion at the cusp 0.

Now we consider our modular form F ∈ S. Because this is a cusp

form, it vanishes at every cusp, so it has a Fourier expansion at ∞ which is

divisible by q and a Fourier expansion F |[
(

0 −1
1 0

)
]k which is divisible by qN .

Therefore FN+1 has a Fourier expansion at ∞ which is divisible by qN+1

and a Fourier expansion at 0 which is divisible by qN+1
N .

We will now consider the quotient (F/h)N+1; because both FN+1

and hN+1 are in S24(Γ0(N)), we see that their quotient is a modular func-

tion of weight 0 for Γ0(N). By the arguments above, we see that, as h has

no zeroes on H, the quotient is holomorphic on the upper half-plane. We

now show that it is in fact a modular form of weight 0 for Γ0(N), as it does

not have a pole at the cusps.

Because FN+1 has zeroes of multiplicity at least N +1 at both 0 and ∞,

the zeroes of multiplicity exactly N + 1 at 0 and ∞ that hN+1 has are

cancelled out, so the quotient is indeed a modular form of weight 0. By

Corollary 3.15, we see that this means that it must be a constant, which is

what we needed to show.

Finally, we can check using the dimension formulae from Section 3.1

that Sk(Γ0(N)) has dimension exactly 1. This shows that there does exist

a nonzero modular form F ∈ S, so therefore F is a constant multiple

of (η(q)η(qN ))k. �

We note that the second part of the proof is necessary; we see that the

argument given here shows that any nonzero modular form in S3(Γ0(7))
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is a constant multiple of (η(q)η(q7))3, but we have already seen that this

space must have dimension 0 (because the weight is odd and ( 1 1
0 1 ) ∈ Γ0(7)).

It can be shown that the spaces of modular forms with character mentioned

in the theorem are one-dimensional, and then the same proof will show that

every modular form in these spaces is a linear multiple of (η(q)η(qN ))k.

In [Shimura (1994)], the following result is stated as Exercise 2.29:

Theorem 5.11. Let N ∈ {2, 3, 4, 6, 12}, and let k = 12/N . Then

Sk(Γ(N)) = C · ∆(z)1/N .

Remark 5.12. These modular forms are interesting because they are truly

modular forms for Γ(N) and not for a subgroup of the form Γ1(M) for any

integer M . This follows by inspection because they do not have a Fourier

expansion in terms of q, but instead in terms of qN .

Proof. [Proof of Theorem 5.11] We leave the proof as Exercise 3. There

are two things that we need to show; first, that the spaces of modular forms

are all 1-dimensional, and second that the η-products given are actually

modular forms for the given Γ(N).

The first of these can be derived from the formulae for the dimension of

spaces of modular forms given in Chapter 3, which also requires us to work

out the index of Γ(N) in SL2(Z), as we did in Section 2.4.

One way to prove the second assertion is to find a set of matrices

which generate Γ(N) for each of the N in the theorem, and then to show

that ∆(z)1/N transforms correctly under each of them. We can use the dis-

cussion of P1(Z/NZ) from Section 2.4 to find suitable generators for Γ(N),

and then show that our η-product transforms correctly under these. �

5.3 The arithmetic of the j-invariant

In Section 5.1, we introduced the j-invariant as a modular function of

weight 0 for SL2(Z). We will now consider its arithmetic theory, using

the properties of the η function that we have derived.

Firstly, we note explicitly that, because j is a modular function of

weight 0 for SL2(Z), it satisfies the transformation properties

j(z + 1) = j(z) and j
(
−z−1

)
= j(z), for z ∈ H.

(We note that the term in (cz + d) vanishes because the weight is 0).
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We now define the Fourier coefficients c(n) of the j-invariant by

j(q) =
1

q
+

∞∑

n=0

c(n)qn (5.15)

=
1

q
+ 744 + 196883q + 21493760q2 + O(q3). (5.16)

If we compute a few of these c(n), by using the definition of the j-invariant

as E3
4/∆, we see that they are integers. This is in fact true in general; we

have

Proposition 5.13. The c(n) we defined in (5.15) are all integers.

Proof. We follow the proof given in Section 1.15 of [Apostol (1976)],

which relies heavily on the fact that j is defined as a quotient of two power

series whose Fourier coefficients are both integral. Let P and Q denote

power series with integral coefficients. We have that

j(q) =
E4(q)

3

∆(q)
=

1 + P

q(1 + Q)

=
1

q
· (1 + P ) · (1 + Q)−1,

so the Fourier expansion of the j-invariant has integral coefficients. �

These Fourier coefficients have arithmetic significance; for instance, if α

is a positive integer then Lehner proved in [Lehner (1949a)] and [Lehner

(1949b)] that the following congruences hold:

c(2αn) ≡ 0 mod 23α+8

c(3αn) ≡ 0 mod 32α+3

c(5αn) ≡ 0 mod 5α+1

c(7αn) ≡ 0 mod 7α

c(11αn) ≡ 0 mod 11α.

Similarly, Lehmer proved that

(n + 1)c(n) ≡ 0 mod 24, for n ≥ 1.

Chapter 4 of Apostol’s book on modular functions [Apostol (1976)] gives a

good introduction to this topic.

There are congruences of a different form for the prime 13; it is a theorem

of Newman [Newman (1958)] that

c(13np) + c(13n) · c(13p) + p−1c

(
13n

p

)
≡ 0 mod 13.
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We can tell that the congruences for 13 are going to be of a different form

than those for the smaller primes, because c(13) 6≡ 0 mod 13 (and in-

deed c(132) 6≡ 0 mod 13 as well).

Here, we quote and leave as an exercise Theorem 4.11 from [Apostol

(1976)], which will prove the α = 1 case of the congruences above.

Theorem 5.14. Let p ∈ {2, 3, 5, 7, 13}, and define

Φ(q) :=

(
η(qp)

η(q)

)s

, where s =
24

p − 1
.

There exist integers a1, . . . , ap2 such that

jp(q) :=

∞∑

n=1

c(pn)qn = ps/2−1 ·
(
a1Φ(q) + · · · + ap2Φ(q)p2

)
. (5.17)

Proof. See Exercise 10; we multiply both sides of (5.17) by carefully

chosen modular forms (with zeroes that cancel the poles of the modular

functions involved) to turn this into a question about an equality of modular

forms, which can be solved by a finite computation and an application of

the Sturm bound. �

Remark 5.15. We notice that the list of primes p in Theorem 5.14 are

precisely those for which S2(Γ0(p)) = 0; this is related to the subject of

modular curves. These are Riemann surfaces which are constructed as quo-

tients of the upper half-plane H by the action of congruence subgroups, and

in the case when this space of cusp forms has dimension 0, the correspond-

ing modular curve has genus 0. This fascinating subject is unfortunately

beyond the scope of this book. A good introduction to this subject is [Di-

amond and Im (1995)].

We note that there is an equality for p = 13 given by Theorem 5.14,

but it can be seen that the exponent s/2 − 1 is 0 when p = 13, so there is

no nontrivial congruence given by this formula for p = 13.

If we explicitly compute the c(n), then we see that they are growing

quite rapidly. In fact, we have the following equation (proved by Petersson

in [Petersson (1932)]):

c(n) ≈ e4π
√

n

√
2n3/4

. (5.18)

We will exhibit formulae for the growth of the Fourier coefficients of modu-

lar forms later in this chapter; we will see that the coefficients of ∆(q), for

instance, are of a different order of magnitude.
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5.3.1 The j-invariant and the Monster group

It is a standard exercise in undergraduate group theory courses to show

that the alternating group on five symbols, A5, is the smallest non-abelian

simple group; in other words, it is the smallest non-abelian group with no

nontrivial normal subgroups (see [David (1987)] for an elementary two-page

proof of this). During the late 20th and early 21st centuries, a great deal

of work went into classifying all of the finite simple groups; this theorem

has been called “the enormous theorem”, due to its extreme length (about

15000 pages). We note that there were some questions raised about the

proof, due to it being spread over many journals and written by many

people, and in recent years a more coherent and organized version of the

proof has been created; see the series of volumes beginning with [Gorenstein

et al. (1994)].

This classification of finite simple groups tells us that there are 18 count-

ably infinite families of simple groups (A5 falls into one of these), and 26

other simple groups (the “sporadic groups”) which fall outside these fami-

lies. The largest of these 26 groups is known as the Monster Group. It has

order ∽ 8 · 1053, and was first constructed as the automorphism group of a

certain 196884-dimensional commutative nonassociative algebra, which has

a 196883-dimensional faithful representation.

We note that c(1) = 196883; this is not a numerological coincidence, but

follows from a branch of mathematics called moonshine theory which arises

from string theory, and relates the Monster group and modular functions.

Borcherds’s proof of this connection and others in [Borcherds (1992)] earned

him the Fields Medal in 1998. We refer to the survey article [Gannon (2006)]

for more details. It had also been noticed by Ogg that the primes dividing

the order of the Monster group are exactly those for which S2(Γ0(p)+) has

dimension 0, where Γ0(p)+ is the group generated by Γ0(p) and
(

0 −1
p 0

)

(we note that because this group is bigger than Γ0(p) the space of modular

forms for it is smaller).

Borcherds proved the connection by proving the Conway-Norton Con-

jecture (see [Conway and Norton (1979)]), which relates the coefficients of

certain weight 0 modular functions (such as the j-invariant) with linear

combinations of the dimensions of certain irreducible representations of the

Monster group; the simplest example is that for c(1) which we gave above,

which was an observation of McKay (see Observation (F) of [Conway and

Norton (1979)]). This is a good example of how computations can guide

the development of theory.
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5.3.2 “Ramanujan’s Constant”

We now pass from the highly sophisticated and important results of

Borcherds on modular moonshine to consider an area whose name is derived

from an April Fools’ Day joke.

An interesting arithmetical coincidence arises from the following fact.

The j-invariant is a modular function, so it is in particular a function fromH
to C. It is a theorem (Theorem 6.1 and Example 6.2.1 of [Silverman (1994)])

that if the quadratic imaginary field K = Q(
√

d) has class number 1, and

the ring of integers OK is generated over Z by {1, α}, then j(α) ∈ Z. It is

well-known that Q(
√
−163) has class number 1, and that its ring of integers

is generated by
{

1, 1+
√
−163
2

}
, so therefore

j

(
1 +

√
−163

2

)
∈ Z.

We will now see that the Fourier expansion of the j-invariant converges

very quickly in this case. If we let z = (1 +
√
−163)/2, then we find that

q = e2πiz = −e−π
√

163 ≈ −3.809× 10−18.

This is a very small number, so the dominant terms in the Fourier expansion

of j are going to be 1/q + 744. We see that 1/q is going to be very close to

an integer. In fact, if we calculate it we find that

eπ
√

163 = 262537412640768743.99999999999925 . . . , (5.19)

so to twelve decimal places, it appears to be an integer. It is in fact a tran-

scendental number, by the Gelfond-Schneider theorem (see [Baker (1990)],

Chapter 2, for more details on this). Similar results hold for the nine inte-

gers d such that Q(
√
−d) has class number 1.

This number eπ
√

163 is sometimes called “Ramanujan’s Constant”; this

is a misnomer, as it was actually discovered by Hermite in the 1850s [Her-

mite (1859)], and was in fact not one of the formulae given by Ramanujan

in his paper on the subject [Ramanujan (1913–1914)]. The name was in

fact coined in the 1970s, following an April Fool’s joke played by Martin

Gardner2. One formula that Ramanujan did give in his paper was

eπ/4
√

102 ≈ 800
√

3 + 196
√

51,

which is accurate to nine decimal places. Similar formulae can be derived

using knowledge of class numbers of quadratic fields; see Example 6.2.2

of [Silverman (1994)].
2He claimed that it was an integer in his column.
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In Exercise 11 we will find some similar formulae for what are sometimes

known as “almost integers”. This is not a precisely-defined term; it refers

to real numbers like eπ
√

163 which are closer than “one would expect” to

being integers.

There are other formulae involving what are known as the “singular

moduli” of the j-invariant (that is, the values of the j-invariant on particular

arguments which generate lattices in C). We will not discuss these in detail

in this book, but refer to [Cox (1989)], Section 12, for the proof of the

following result of Weber:

j(
√
−14) = 23

(
323 + 228

√
2 + (231 + 161

√
2)

√
2
√

2 − 1

)3

.

(We note that we can check this equality to 4 decimal places of accuracy

just by using the first two terms of the Fourier expansion of the j-invariant).

5.4 Applications of the modular function λ(z)

We have now seen the j-invariant, one of the most commonly seen modular

functions, and considered its arithmetic and its applications. In this section,

we will define another modular function, and see how it can be used to

compute digits of π. A reference for this section is Chapter 6 of [Armitage

and Eberlein (2006)].

We define λ(z) by

λ(z) :=

(∑∞
n=−∞ q((n+1)/2)2

∑∞
n=−∞ qn2

)8

;

this can be shown to be a modular function of weight 0 for Γ(2) (see Exer-

cise 5, as it has the following η-quotient expansion:

λ(q) =

(
η(
√

q)η(q2)2

η(q)3

)8

. (5.20)

We note again the ubiquity and usefulness of the Dedekind η function as a

tool to create new modular forms and functions.

This function is also sometimes known in the literature as k2, k being

the name of another modular function. Given the universal use of the

letter k in modern works for the weight of a modular form or function, this

notation is probably best deprecated3.

3The late Serge Lang, author of many mathematics book, including [Lang (1976)], was
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We note that in [Littlewood (1986)] λ (under the name k2) is known as

“the modular function which arises from the theory of elliptic functions”,

as opposed to “the elliptic modular function”, which can be either λ or j

in the literature.

The λ function is related to the j-invariant by the following formula:

j(q) = 256 · (1 − λ(q) + λ(q)2)3

λ(q)2 · (1 − λ(q))2
. (5.21)

We can check this by turning this into a relation between modular forms

by multiplying both sides by a suitable modular form (to cancel the poles),

and then using the Sturm bound to verify the identity.

Either by explicitly computing λ(q) or by dimensional analysis of (5.21),

we can see that the Fourier expansion of λ at ∞ is in terms of q2 rather

than q, which indicates that it is genuinely a modular function for Γ(2),

rather than a larger congruence subgroup.

5.4.1 Computing digits of π using λ(z)

The calculation of decimal digits of π has been a goal of mathematicians

since classical times. Archimedes obtained the following bound in the 3rd

century BC by considering polygons containing and contained by a circle:

3
10

71
< π < 3

1

7
;

this line of enquiry was followed until the 17th century AD, when Ludolph

van Ceulen computed π to 34 digits by considering polygons with approx-

imately 260 sides. The number π was known as the Ludolphine number in

Germany for a long time after his death in his honour.

Gregory’s formula for π, which is

π

4
= arctan(1) = 1 − 1

3
+

1

5
− 1

7
+ · · ·

is very beautiful and simple, but unfortunately does not converge very

quickly; in fact, because the error after the nth term is greater than 1/(2n),

taking 300 terms of the series does not even give the first two decimal

a scourge of those who used what he considered bad notation, often using the phrase
“this notation sucks!”. Once Barry Mazur tried deliberately to get Lang to say this, by
introducing a variable called Ξ (written as three parallel lines), then dividing this by its
complex conjugate, thus giving eight parallel horizontal lines; this notation is worse than
any that is given in this book [Jorgenson and Krantz (2006)].
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digits correctly. A much more efficient way of computing π is to use sev-

eral trigonometric series expansions, such as the following formula due to

Machin:

π

4
= 4 · arctan

(
1

5

)
− arctan

(
1

239

)
; (5.22)

Machin’s formula was used by Shanks in the 1850s to calculate 707 digits

of π by hand; although these figures were accepted for nearly a century, it

was discovered in the 1940s that there was an error in the 527th place, and

all of the subsequent digits were incorrect.

There is a third type of algorithm, which use the properties of the

λ function. We refer to the survey article [Borwein et al. (1989)] for an

example of this type.

Algorithm 5.16 (Algorithm 1 of [Borwein et al. (1989)]).

Let α0 := 6 − 4
√

2 and y0 :=
√

2 − 1. For n ∈ N, define

yn+1 :=
1 − (1 − y4

n)1/4

1 + (1 − y4
n)1/4

, (5.23)

αn+1 := (1 + yn+1)
4αn − 22n+3yn+1(1 + yn+1 + y2

n+1). (5.24)

Then we have

0 < αn − 1

π
< 16 · 4n · e−2·4nπ,

and αn converges to 1/π quartically; in other words, every iteration quadru-

ples the number of correct decimal digits.

Although this algorithm is not due to Ramanujan, it should be noted that

he did consider using modular equations to approximate π in his paper [Ra-

manujan (1913–1914)].

The complete proof that this algorithm works requires a discussion of

elliptic integrals which is beyond the scope of this book, but we can sketch

some of the main ideas. We refer to [Borwein et al. (1989)] for an overview

of this, and to the book [Borwein and Borwein (1987)] for a more detailed

account.

We can write the elliptic integrals in terms of modular functions (this is

why λ is sometimes called the elliptic modular function in the literature),

and we can define a function α (which will supply us with the αn in the

algorithm) by

α(r) :=

1
π − 4

√
r ·

P

∞

n=−∞
n2(−s)n2

P

∞

n=−∞
(−s)n2

(∑∞
n=−∞ sn2

)4 ,
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where s = e−π
√

r.

We see that this series is closely related to that of λ; it is obtained by

considering functions of λ and its derivative. We can see that as r → ∞
s → 0 and α(r) tends to 1/π. The following approximation can be shown

to hold:

α(r) − 1

π
≈ 8

(√
r − 1

π

)
· e−π

√
r;

one then obtains a good approximation to 1/π, and hence to π, by finding

an iterative way to approximate α(r). This can be provided by

α(25r) = t2α(r) −
√

r ·
(

t2 − 5

2
+
√

t(t2 − 2t + 5)

)
,

where t :=
∑∞

n=−∞(s5)n2

/
∑∞

n=−∞ sn2

. We see again, by the shape of this

relationship, that this is related to the theory of modular functions. This

provides a good example of a genuine application of modular functions to

the wider world of mathematics; although this book is mainly concerned

with modular forms and number theory, it should not be forgotten that

modular forms are also complex-analytic objects.

5.4.2 Proving Picard’s Theorem

In Littlewood’s A Mathematician’s Miscellany [Littlewood (1986)]4, the

question of how short a PhD thesis in mathematics could be is discussed

(the question had arisen in conversation). Littlewood argued that there are

results which can be stated in one line and proved in a second, which were

of a quality to be worth a PhD. He gave as an example Picard’s (Little)

Theorem:

Theorem 5.17 (“Picard’s Little Theorem”). Let f be an entire func-

tion which misses two distinct values. Then f is constant.

Proof. [We will need to know that λ is a 1-1 function on a fundamental

domain F for Γ(2).]

Let f be an entire function that is never 0 or 1. Then exp(λ−1(f(z)))

is a bounded entire function, and is therefore constant. �

Here the line in brackets is not counted in the “two lines” requirement5.

4To quote Littlewood, “A Miscellany is a collection without a natural ordering relation”.
5This is very reminiscent of the famous anonymous quote that “[t]his is a one line proof

. . . if we start sufficiently far to the left.”
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We note that there does exist a function which is entire and misses

exactly one point; this is exp(z), which is never 0; the condition given in

the theorem is necessary.

5.5 Identities of series and products

A classical application of modular forms is to find equalities of arithmetical

functions, by finding modular forms whose Fourier coefficients are those

arithmetical functions, and then finding identities of modular forms which

follow from dimensional considerations. For instance, the following well-

known identities of multiplicative functions hold:

σ7(n) = σ3(n) + 120

n−1∑

i=1

σ3(i) · σ3(n − i), (5.25)

11σ9(n) = 21σ5(n) − 10σ3(n) + 5040

n−1∑

i=1

σ3(i) · σ5(n − i), (5.26)

σ13(n) = 21σ5(n) − 20σ7(n) + 10080

n−1∑

i=1

σ5(i) · σ7(n − i). (5.27)

Proving these identities is left as Exercise 7. We note that these can be

proved without using modular forms, but once we have set up enough of

the theory of modular forms (especially their dimensions) results like this

follow almost immediately.

We can also use the results of Section 5.2 to find identities between

Fourier series defined as sums and Fourier series defined as products. Using

the definition of ∆ in terms of E4 and E6, we have

∆(q) =
∞∑

n=1

τ(n)qn (5.28)

= q

∞∏

n=1

(1 − qn)24 (5.29)

=

(
(1 + 240

∑
n σ3(n)qn)

3 − (1 − 504
∑

n σ5(n)qn)
2
)

1728
; (5.30)

this follows directly from the definitions and the dimensional consideration.

Similar identities hold for the coefficients of the cusp forms for SL2(Z) of

weights 16, 18, 20, 22 and 26, where the same dimensional constraints

hold, and also for congruence subgroups where the dimensional consider-

ations imply such results; we refer to [Emmons (2005)] for similar results
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classifying all eigenforms for which simple results like those of this section

hold.

We can also prove congruence relations between certain coefficients of

modular forms; for instance, we have that

τ(n) ≡ σ11(n) mod 691,

which relates the Fourier coefficients of ∆ and E12; this is Exercise 12. We

can show this and similar results by finding linear dependencies between

modular forms with integral Fourier expansions and then reducing these

modulo a suitable prime p.

The study of congruences between modular forms is an integral part of

the modern theory of modular forms; one can create “families” of modular

forms that have Fourier expansions which are congruent to one another

modulo powers of primes. The first example of this are sets of Eisenstein

series {Ek+(p−1)pn}, which we can show have Fourier coefficients which are

congruent to Ek(q) modulo pn; see Exercise 14 (and Proposition 6.7 for the

necessary result on the constant term).

5.6 The Ramanujan-Petersson Conjecture

One of the many things of arithmetic interest in the theory of modular

forms is the magnitude of the absolute value of the Fourier coefficients of

a modular form. We see that the Fourier coefficients of the Eisenstein

series Ek satisfy O(nk−1), from the definition of σk−1(n). It is natural

to ask what the corresponding formulae should be for normalized cuspidal

modular eigenforms, and for other non-cuspidal modular forms.

There is a result of Hecke on the size of the coefficients of a cusp form

which we will state and prove (following the exposition in [Serre (1973a)],

Theorem VII.5). The proof of the sharper result that is the Ramanujan-

Petersson conjecture is beyond the scope of this book; we will merely state

it.

Theorem 5.18 (Hecke). Let f be a nonzero cuspidal modular form

for SL2(Z) of weight k with Fourier expansion f(q) =
∑∞

n=1 anqn.

Then an = O(nk/2).

Proof. We note that, as f is a cusp form, it vanishes at ∞, so we can

factor q out of the Fourier expansion of f . This means that we have

|f(z)| = O(q) = O(e−2πy) with y = ℑ(z), as q → 0. (5.31)
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Let g(z) = |f(z)| · yk/2. It is an elementary exercise (Exercise 4) to show

that ℑ(γ(z)) = ℑ(z)/(|cz + d|2) and therefore that g(z) is invariant under

the action of
(

a b
c d

)
∈ SL2(Z).

We also see that g is continuous on the standard fundamental domain D

and that it tends to 0 as y → ∞. This means that g is bounded; that is,

there exists a constant M such that

|f(z)| ≤ M · y−k/2 for all z ∈ H. (5.32)

Let z = x + iy. We fix y and vary x between 0 and 1; this means that q =

e2πi(x+iy) runs anticlockwise along a circle Cy with centre at 0. This means

that, by the residue formula,

an =
1

2πi

∫

Cy

f(z) · q−n−1dq =

∫ 1

0

f(x + iy)q−ndx.

We now use the estimate of (5.32) to obtain the following estimate for |an|:
|an| ≤ M · y−k/2 · e2πny.

This is valid for every y > 0. We will therefore choose y = 1/n; this will

make our inequality for |an| independent of y, and therefore we have

|an| ≤ e2π · M · nk/2;

we see that an = O(nk/2) as required. �

We note that the implied constant in the O(nk/2) will depend on the

first few coefficients of f ; we will see that the sharp bounds given by the

Ramanujan-Petersson conjecture assume that we are dealing with a nor-

malized eigenform.

We will now show that the Fourier coefficients of a non-cuspidal modular

form for SL2(Z) are of size O(nk−1).

Corollary 5.19. Let f be a non-cuspidal modular form for SL2(Z) of

weight k with Fourier expansion f(q) =
∑∞

n=0 anqn. Then an = O(nk−1).

Proof. We can write f = λEk + h with λ 6= 0 and h a cusp form (Exer-

cise 5). We now use the bounds we have on the coefficients of cuspidal mod-

ular forms and on the coefficients of Ek; we see that nk/2 is much smaller

than nk−1, so the coefficients of Ek dominate, and therefore an = O(nk−1)

as required. �

Remark 5.20. We note that the coefficients of cuspidal and non-cuspidal

modular forms differ noticeably in magnitude; it is often possible to tell

them apart “by eye”. The reader is encouraged to do experiments with

their favourite computer algebra system to verify this.
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By performing explicit computations, one can see that a somewhat

smaller bound than that of Hecke appears to be true; this was conjectured

by Ramanujan and Petersson, and proved by Deligne:

Theorem 5.21 (Ramanujan-Petersson Conjecture). Let N be a pos-

itive integer and let f be a normalized cuspidal eigenform of weight k

for Γ1(N) with Fourier expansion f(q) =
∑∞

n=1 anqn. Then we have that

|an| ≤ n(k−1)/2 · σ0(n).

Proof. This was proved by Deligne as a (deep) consequence of his proof

of the Weil conjectures; we refer the reader to his seminal paper, [Deligne

(1974)], which is described in its MathSciNet review as “without question

the most important paper in algebraic geometry to have appeared in the

last ten years”. �

In particular, if p is prime then we see that the conjecture tells us that

|ap| ≤ 2p(k−1)/2.

This result was motivated by study of the Fourier expansion of the ∆ func-

tion; the conjecture in that case is that τp ≤ 2p11/2; this specific case was

conjectured by Ramanujan, and is therefore known as Ramanujan’s conjec-

ture.

We notice also that if k = 1 then the Ramanujan-Petersson conjecture

tells us that the ap are bounded. If we consider the (unique) normalized

eigenform f = η(q)η(q23) ∈ S1(Γ1(23)) then we see that

f(q) = q − q2 − q3 + q6 + q8 − q13 − q16 + q23 − q24 + O(q25)

and from the Ramanujan-Petersson conjecture it follows that |ap| ≤ 2; it

can be shown that the values of ap in fact lie in {−1, 0, 1, 2}. The first p

such that ap = 2 is 59.

One unsolved question about the Fourier coefficients of the ∆ function

was raised by Lehmer. It is simple to state:

Conjecture 5.22 (Lehmer). Let n be a positive integer. Then τn 6= 0.

Lehmer showed that τn was nonzero for n ≤ 1015 [Lehmer (1947)], and

this has been extended to n ≤ 2 · 1019 in [Bosman (2007)], but the general

case is still open. A similar question can be asked for the cusp forms of

level 1 and weights 16, 18, 20, 22 and 26, where the space of cusp forms is

1-dimensional.
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We will see in Section 5.10 examples of modular forms which are very

far from satisfying the equivalent of Lehmer’s conjecture; they are called

lacunary modular forms, and have very large numbers of zero Fourier co-

efficients.

5.7 Elliptic curves and modular forms

The theory of elliptic curves has recently become very relevant to the theory

of modular forms, with the proof of Fermat’s Last Theorem, which we will

discuss below.

There are several good books which discuss the theory of elliptic curves6;

the two books of Silverman on the arithmetic of elliptic curves are stan-

dard references [Silverman (1992, 1994)], and some of the standard modular

forms references are also good references for this subject (such as [Koblitz

(1993)] and [Hellegouarch (2002)]). [Cassels (1991)], [Husemöller (2004)],

[Knapp (1992)] and [Lang (1978)] are other good references for the theory

of elliptic curves.

Definition 5.23. Let K be a field of characteristic not 2 or 3. We say that

the set of projective solutions to

E : y2z = x3 + a · xz2 + b · z3, with a, b ∈ K and 4a3 + 27b2 6= 0(5.33)

is an elliptic curve (in Weierstrass normal form). We call the inte-

ger ∆(E) := 4a3 + 27b2 the discriminant of E.

We recall from the discussion of projective space in Chapter 2 that there is a

projective point which cannot be represented on a graph such as Figure 5.1,

known as the point at infinity. In this formulation, it is the point (0 : 1 : 0);

this is sometimes viewed as being “infinitely far up the y-axis”. [Buhler

(2001)], Example 1.15, gives a good explanation of why the equation of E

has this form. In sophisticated language, we say that an elliptic curve is

a genus one curve with a defined point (the last part of this is non-trivial;

there exist genus one curves without a rational point, such as the Selmer

curve 3x3 + 4y3 + 5z3 = 0 over Q, and these are not elliptic curves).

We note that there are slightly more complicated equations7 which are

valid for fields of characteristic 2 or characteristic 3.
6The Foreword to [Lang (1978)] begins “[i]t is possible to write endlessly on elliptic

curves. (This is not a threat.)”.
7The equation y2 + a1xy + a3y = x3 + a2x2 + a4x + a6 will work in any characteristic.
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P1

P2

P1+P2

Fig. 5.1 Elliptic curve addition

We can give an elliptic curve a group law (which is abelian) by the

procedure indicated in Figure 5.1 (this is known as the “chord-and-tangent

method”; a version of this was probably known to Diophantus, and both

Fermat and Newton developed this further), and there are some standard

structure theorems for elliptic curves over number fields, which we will state

here. The Mordell-Weil theorem tells us that the group E(K) is finitely

generated, so we have that

E(K) ∼= Zr ⊕ Etors,

where r is a non-negative integer and Etors is called the torsion subgroup;

this is the group of all elements with finite order. By work of Mazur [Mazur

(1978)], it can be shown that the group Etors(Q) is finite (and in fact it is

one of 15 groups, the largest of which is isomorphic to Z/2Z⊕Z/8Z), and

it is conjectured that for any given number field K we have

|E(K)tors| ≤ B(K),
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where B(K) is an integer depending only on K (and in particular is inde-

pendent of the choice of E).

The example illustrated in Figure 5.1 is the addition of the

points (−2,−3) and (2, 5) to obtain (4,−9) on the curve E : y2 = x3 + 17.

This is given in more detail as Example 2.4 of [Silverman (1992)].

There is a reduction map; given an elliptic curve over Q, we can choose

its coefficients a and b to be integral, by multiplying through by a suffi-

ciently large integer to clear the denominators of the coefficients and then

applying a birational transformation to return the elliptic curve to Weier-

strass normal form. The reduction map is given by

E → E(Fp) := E mod p

(x, y) 7→ (x, y),

where x and y are the reductions of x and y modulo p respectively. We note

that E(Fp) will be an elliptic curve if and only if 4a3 + 27b
2 6≡ 0 modulo p.

One of the greatest results in modern number theory, which relates

elliptic curves and modular forms, can be summed up as every elliptic

curve over Q is modular. We now make more precise what this means.

Definition 5.24 (Modularity of elliptic curves over Q). Let E be an

elliptic curve over Q and let p be a prime such that p ∤ ∆(E). We de-

fine ap(E) to be

ap(E) := p + 1 − |E(Fp)|.
We say that E is modular if the ap are the pth Fourier coefficients of a

nonzero normalized cuspidal modular eigenform of weight 2.

This was first raised by Taniyama and Shimura in the 1950s; Weil

also considered this problem. It has been called the Shimura-Taniyama-

Weil Conjecture, and many variations on this (Taniyama-Weil, Shimura-

Taniyama, . . . ). A natural neutral name is the Modularity Conjecture.

Theorem 5.25 (The Modularity Theorem). Let E/Q be an elliptic

curve. Then E is modular.

Remark 5.26. The work of Wiles and Taylor in [Wiles (1995)] and [Taylor

and Wiles (1995)] proved the Modularity Conjecture in the “semistable

case”. Throughout the 1990s, work continued to prove the conjecture under

less and less restrictive conditions8; first it was shown that the elliptic curve
8It has been noted that papers in the field from this period can be dated according to

the version of the modularity theorem that they state, and the conditions they need to
impose on the conductor.
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needed only to be semistable away from 3 and 5 [Diamond (1996)], then

that the conjecture was true if the conductor (see below) was not divisible

by 27 [Conrad et al. (1999)]. Finally, [Breuil et al. (2001)] tackled the last

case.

Remark 5.27. There is an algorithm to tell you what the level of the mod-

ular form associated to the elliptic curve E by Theorem 5.25 is; there is an

integral invariant of an elliptic curve E/Q called the conductor which tells

you when the curve E/Fp fails to be an elliptic curve; a method to com-

pute this due to Tate is given in detail in [Silverman (1994)], Section 4.9.

The Modularity Theorem says that the level of the modular form fE at-

tached to E is equal to the conductor of E. We say that an elliptic curve is

semistable at p if its conductor is not divisible by p2, and that it is semistable

if the conductor is squarefree.

5.7.1 Fermat’s Last Theorem

The work of Wiles, Taylor et al is of independent arithmetic and popular

interest because it can be used to prove that Fermat’s Last Theorem is true;

that is, if we have

an + bn = cn, with a, b, c ∈ Z and 3 ≤ n ∈ N, (5.34)

then abc = 0. The basic idea of the proof is as follows: let (a, b, c) be

a nontrivial solution to the Fermat equation (so abc 6= 0), and define an

elliptic curve Ea,b,c by

E : y2 = x(x − an)(x + bn).

(We note that if we know a and b, then we know c, so this equation does

not need to include c).

This is called a Frey curve or a Frey-Hellegouarch curve; it was intro-

duced in [Hellegouarch (1974/75)] and in [Frey (1986)]. It can be shown

using level-lowering results of Ribet and others that if it exists then this

curve is modular, so has a nonzero modular form fE associated to it. By

level-lowering results, it can be shown that the level of this modular form

can be taken to be 2. However, it can also be shown using the dimension

formulae that S2(Γ0(2)) = 0, so there is no such modular form, and hence

our assumption that we have a nontrivial solution to (5.34) must be false.

A proof of enough of the Modularity Conjecture to prove Fermat’s Last

Theorem can be found in the book [Cornell et al. (1997)]; Chapter 1 gives

a cogent summary of the proof. A briefer overview of the proof of the
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Modularity Conjecture for a general audience can be found in [Darmon

(1999)].

The Ramanujan-Petersson Conjecture can also be related to the Hasse

bound for elliptic curves, which bounds the number of points on an elliptic

curve E(Fp); the following theorem for elliptic curves was proved in the

1930s by Hasse (although not with the proof given below!); see Theorem 1.1

of Chapter V of [Silverman (1992)] for a more orthodox proof.

Theorem 5.28 (Hasse). Let E be an elliptic curve and let F be a finite

field with p elements. Then

|#E(F) − p − 1| ≤ 2
√

p.

Proof. Using the theorem that all elliptic curves over Q are modular, we

see that ap ≤ 2
√

p, and hence that Hasse’s theorem holds. �

It is interesting to see that the two bounds on coefficients of cuspidal modu-

lar eigenforms of weight 2 that we have seen are exactly the same. Moreover,

it can be seen by explicit computation of examples that they are optimal,

in the sense that there are elliptic curves which achieve the natural general-

ization of the Hasse bound as we have stated it to fields with pn elements.

Another example of where modular forms and elliptic curves are linked

will be seen in Section 5.9, where the concept of elliptic curves with complex

multiplication will be introduced. We will see how these can be linked to

an interesting class of modular forms.

5.8 Theta functions and their applications

In Chapter 1, we mentioned that one historical application of modular forms

was to bound the number of ways that one can write a positive integer as

a sum of squares. We also recall that some of the earliest modular forms

to be written down were theta functions, in the work of Bernoulli.

We will now consider the theory of these objects. A good reference

for this is [Miyake (2006)], Section 4.9; [Serre (1973a)], Section 6.5 also

considers theta functions, as does the older book [Ogg (1969)], Chapter VI,

and [Koblitz (1993)], Section III.4 considers the specific theta function of

weight 1 and level Γ0(4)

g(z) :=
∑

x,y∈Z
qx2+y2
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in detail, proving that it is a modular form by considering how it transforms

under the action of a set of generators for Γ0(4).

There is also a brief discussion of theta functions in a wider context

in [Hida (2006)], which gives formulae for the number of representations

of n as a sum of m squares, where m runs from 2 to 8. This is still a

subject of research in modern times; the paper [Shimura (2002)] considers

this question in detail. The recent book [Moreno and Wagstaff (2006)] is

an accessible reference for representations of integers by sums of squares,

and [Grosswald (1985)] is a comprehensive history of the theory of this

subject. Another classical and very good source is Dickson’s comprehensive

history of number theory, volume III [Dickson (1966)]; chapters X and XI of

this give an overview of results on the representation of integers by quadratic

forms.

We need to define what we mean by a representation of the non-negative

integer n as a sum of m squares. We will say that two representations are

distinct if their constituents differ in order or sign, and we allow possible

multiple zeroes; for instance, there are 8 representations of 5 as a sum of

two squares under our definition:

5 = 12 + 22 = (−1)2 + 22 = 12 + (−2)2 = (−1)2 + (−2)2

= 22 + 12 = (−2)2 + 12 = 22 + (−1)2 = (−2)2 + (−1)2.

It is a classical result of number theory (conjectured and announced by Fer-

mat, proved by Euler) that there are 8 representations of a prime number p

as a sum of 2 squares if p ≡ 1 mod 4, and no representations of p as a sum

of 2 squares if p ≡ 3 mod 4.

Similarly, we will call two representations of an integer n by a quadratic

form distinct if their constituents differ in order or sign.

5.8.1 Representations of n by a quadratic form in an even

number of variables

There are two distinct cases here; either we are trying to represent n with a

quadratic form in an even number of variables, or we are trying to represent

it by a quadratic form in an odd number of variables. It will turn out to

be much easier to construct the theory in the even number case, which we

will consider first.

In this section, we will take A to be a square, symmetric, integer ma-

trix of dimension d ≥ 1 which is positive definite. If we are considering

the sum-of-n-squares problem, we will take A to be the identity matrix of
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dimension n.

For a non-negative integer n, we define

rA(n) := #
{
x ∈ Zd : xT Ax = n

}
,

and define a holomorphic function on H by

f(z) :=
∞∑

n=0

rA(n) · e2πinz .

It is clear that one can compute rA(n) for any given A and n in a finite

time, so we can, in theory, determine the Fourier expansion of f(z) up to

any given precision using a computer. More specifically, if A corresponds to

a diagonal quadratic form in d variables, we can see clearly that we need to

consider about (
√

n)d tuples to compute rA(n); this is a reasonable amount

of work if n and d are not too large.

If we choose A = ( 1 0
0 1 ) then we see that f and the form g we defined in

the previous section have the same Fourier expansion, and in fact we see

that they give the same modular form.

We will now quote a theorem from [Miyake (2006)] which will show

that f(z) is a modular form, and give its weight and level. Take h ∈ Zd

and a positive integer N which satisfies

NA−1 ∈ Md(Z) and Ah ∈ NZd.

We define a differential operator ∆A (not to be confused with the ∆ func-

tion, which is a modular form of weight 12) acting on polynomials in d

variables by

∆A =
d∑

i,j=1

bi,j ·
∂2

∂xi∂xj
, where A−1 = [bi,j ].

Let P (x) be a homogenous polynomial of degree ν with complex coefficients

in d variables {xi}. We say that P is a spherical function of degree ν with

respect to the matrix A if ∆A(P (x)) = 0.

It can be shown that every spherical function of degree ν is of the form

P (x) = a constant, if ν = 0,

= qT Ax, where q ∈ Cd, if ν = 1,

= a linear combination of (qT
i Ax)ν , qi ∈ Cd, qT

i Aqi = 0, if ν > 1.

They are therefore explicitly computable objects.
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We now define theta functions (which are also called theta series in the

literature). With the notation that we have just defined, if z ∈ H we define

θ(z; h, A, N, P ) :=
∑

m≡h mod N
m∈Zd

P (m) · e
(

mT Am

2N2
· z
)

(5.35)

=

∞∑

n=0

a(n, h, A, N, P ) · e
( n

2N2
· z
)

; (5.36)

where

a(n, h, A, N, P ) =
∑

mT Am=n
m≡h mod N

P (m).

We obtain the series (5.36) by collecting the coefficients of each power

of e(z/2N2). Doing this allows us to look at the Fourier series of θ, which

is what we are interested in.

We now quote the following result, which appears in [Miyake (2006)] as

Corollary 4.9.4.

Theorem 5.29. Let A be a square symmetric positive definite matrix of

even dimension d, let P be a spherical function of degree ν with respect to A

and let h ∈ Zd. Then

θ(2z; h, A, N, P ) ∈ Mk(Γ1(4N)),

where k = d/2 + ν. Furthermore, if ν ≥ 1, then θ(2z; h, A, N, P ) is a cusp

form.

Proof. There are two parts to this proof; one has to show that θ is holo-

morphic on H and at the cusps of Γ1(4N), and one has to show that it sat-

isfies the correct transformation formula. The second part is long and tech-

nical; we refer to Section 4.9.1 of [Miyake (2006)], especially Lemma 4.9.1,

Lemma 4.9.2 and Theorem 4.9.3, or Section III.4 of [Koblitz (1993)], Lem-

mas 1–4.

We will now show that θ := θ(2z; h, A, N, P ) is holomorphic on H. We

recall that the matrix A is positive definite, so there exist positive real

numbers L and U such that

L · xtx ≤ xtAx ≤ U · xtx,

for every x ∈ Rd. The Cauchy-Schwarz inequality tells us that there exists

a positive real number T such that

|P (x)| ≤ (Txtx)ν/2,
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for all x ∈ Rd. Hence we have the following bound on the Fourier coeffi-

cients of θ:

|a(n, h, A, N, P )| =
∑

mT Am=n
m≡h mod N

|P (m)| = O(n(d+ν)/2).

We now quote the following lemma, which appears in [Miyake (2006)] as

Lemma 4.3.3:

Lemma 5.30. Let {ai}∞i=1 be a sequence of complex numbers, and define

the following Fourier series:

f(z) :=

∞∑

n=1

anqn, with q := e2πiz .

If an = O(nv) for some v > 0, then f(z) converges absolutely and uniformly

on any compact subset of H, and f(z) is holomorphic on H.

Using this lemma, we see that θ is holomorphic on H as required. It is

clearly holomorphic at ∞ because it has no nonzero Fourier coefficients an

with n < 0 (because A is positive definite). In a similar way, we can show

that it is holomorphic at all of the other cusps, by choosing suitable
(

a b
c d

)

and showing that θ|[
(

a b
c d

)
]k has a Fourier series with no terms with negative

exponents, which will show that it has no poles at those cusps.

The proof that θ transforms correctly is long and technical, and can be

found in pages 187–192 of [Miyake (2006)]. �

We can now estimate the number of ways that a positive integer n can

be written as a sum of 2r squares by forming a theta function θ(z) using the

identity matrix of dimension 2r, and then using the Ramanujan-Petersson

conjecture to find bounds for the coefficients; we note that θ is a sum of

modular forms which involves an Eisenstein series, because it has nonzero

constant term. This leads to the following result:

Corollary 5.31. Let 2k be a positive integer. Then the number of ways that

a positive integer n can be represented as a sum of 2k squares is O(nk−1).

Proof.

We form the theta function f(z) := θ(2z; 0, Ik, 1, 1) where I2k is the 2k×
2k identity matrix, and the 1 is the constant function, which we have seen

is a spherical function of degree 0. We see that the nth Fourier coefficient

of f is precisely the number of ways that n can be written as a sum of 2k
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squares. Using Theorem 5.29, we see that f(q) is the Fourier expansion of

a modular form f of integer weight k for Γ1(4), which is not a cusp form.

We now consider the dimension of the Eisenstein subspace of Mk(Γ1(4)).

By the dimension formulae given in Chapter 3, we see that this is 1 if k = 1,

2 if k is odd or k = 2, and 3 otherwise.

We will now write down a basis for the space of Eisenstein series

in each of these cases and check the order of magnitude of the Fourier

coefficients. If k = 1, we can take {∑x,y∈Z qx2+y2}, if k = 2, we

take {E2(q) − 2E2(q), E2(q
2) − 2E2(q

4)}, and if k ≥ 4 is even we

take {Ek(q), Ek(q2), Ek(q4)}. If k ≥ 3 is odd, then we use Theorem 2.21 to

construct two distinct Eisenstein series.

We can show directly that all of these Eisenstein series have Fourier

coefficients which are O(nk−1) (this is clear for all of them except the odd

weight forms, for which we refer to Theorem 2.23). We now write f as a

linear combination of the Eisenstein series and a cusp form g, and we then

apply the Ramanujan-Petersson conjecture (Theorem 5.21) to g to obtain

the bound for the coefficients of f . �

Remark 5.32. We note that a similar proof shows us that the number of

representations of a positive integer n by a positive definite quadratic form

in 2k variables is O(nk−1).

We noted in the course of the proof that the number of Eisenstein series

for k ≥ 3 is 3 if k is even and 2 if k is odd; we will now explain this dis-

crepancy in a more concrete way. In the even case, we have one Eisenstein

series for each of the three cusps (0, −1/2, ∞), but the structure theorem

for this space of modular forms tells us that we can write odd weight forms

as θ2 ·g, where g has even weight. It can be shown that θ2 has a unique zero

at −1/2, so therefore we only need to take the sum of three linearly inde-

pendent modular forms to obtain a cusp form, so the Eisenstein subspace

has dimension 2 instead of dimension 3.

We can actually do more than just get a bound for the number of rep-

resentations of an integer as the sum of 2k squares, if 2k is small. This

was known by Glaisher at the beginning of the 20th century; he proves in-

creasingly complicated formulae for the number of representations of a pos-

itive integer as a sum of larger and larger numbers of squares in [Glaisher

(1907a,b,c)], which are all in a single volume of the Quarterly Journal of

Pure and Applied Mathematics. If k ≤ 8 then the space Sk(Γ1(4)) has

dimension 0, so we can write the theta function in terms of the Eisenstein

series which form a basis for Mk(Γ1(4)).
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The problem that one encounters as k grows is that eventually the

space Sk(Γ1(4)) becomes nonzero, and while the Eisenstein series have

coefficients which are well-known arithmetical variations on the sum of

divisors function, the coefficients of cusp forms are more mysterious and

cannot be written down so cleanly. However, they are smaller than the

coefficients of Eisenstein series (by the Ramanujan-Petersson conjecture, or

by the weaker result that we proved as Theorem 5.18), so we can obtain

order-of-magnitude formulae such as the one in Corollary 5.31.

We follow Koblitz in performing this calculation for 4 squares, and in

Exercise 6, we perform a similar calculation for 8 squares. We note that

there is a proof in [Hardy and Wright (1979)] of this theorem which uses

formulae for trigonometric series, amongst other things (Theorem 386, in

Chapter XX, Section 12).

Theorem 5.33. Let n be a non-negative integer. Then we can write n

in r4(n) ways as a sum of four squares, where

r4(n) = 8σ1(n), if n is odd, (5.37)

= 24σ1(n
′) where n = 2an′ is even, with n′ odd. (5.38)

Proof. We define Θ to be the series

Θ(q) :=
∑

x,y,z,w∈Z
qx2+y2+z2+w2 ∈ M2(Γ0(4)).

We will now find a basis for M2(Γ0(4)) and consider the action of the

Hecke operators on this basis. By using the dimension formula, we see

that dimM2(Γ0(4)) = 2. We see that Θ is an element of M2(Γ0(4)), and

that D(q) := E2(q) − 2E2(q
2) ∈ M2(Γ0(2)) is another (see Exercise 9 for

a proof that this is a modular form). We will also consider D(q2), which

is an element of M2(Γ0(4)) as an oldform coming from M2(Γ0(2)); we will

find an equality relating the Fourier coefficients of Θ, D(q) and D(q2).

The Fourier expansions of these modular forms begin

Θ(q) = 1 + 8q + 24q2 + 32q3 + 24q4 + 48q5 + 96q6 + 64q7 + O(q8),

D(q) = 1 + 24q + 24q2 + 96q3 + 24q4 + 144q5 + 96q6 + 192q7 + O(q8),

D(q2) = 1 + 24q2 + 24q4 + 96q6 + O(q8).

As these three forms are pairwise linearly independent, we see that any pair

of them form a basis. In particular, we see that

Θ(q) =
D(q) + 2D(q2)

3
=

E2(q) − 4E2(q
4)

3
.
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If n is odd, then this is enough to prove the theorem, because E2(q
4) does

not contribute to the qn term of the Fourier expansion, and the nth Fourier

coefficient of E2(q)/3 is 8σ1(n), as required.

We now assume that n is even. We will consider the cases where n = 2m

(m odd) and n = 4m (m arbitrary) separately.

If n = 2m with m odd then 4E2(q
4)/3 does not contribute to the qn

term of the Fourier equation, so we have only to consider E2(q)/3. We have

the following identity for its Fourier coefficient:

8σ1(n) = 8
∑

1≤d|n
d = 8

∑

d|n
d odd

d + 8
∑

2d|n
d odd

2d = 24
∑

d|n
d odd

d = 24σ1(m).

This is exactly the formula given in the theorem. We now generalize this

argument to the case where n = 4m. In this case, the 4E2(q
4)/3 term does

contribute, so we must take it into consideration.

The qn term in the Fourier expansion of Θ(q) is given by

r4(n) = 8σ1(4m) − 8 · 4σ1(m).

Now, we can rewrite the sum-of-divisors function in the following way;

let n = 2an′, with n′ odd (so m = 2a−2n′):

σ1(n) =
∑

1≤d|n
d =

a∑

i=0

2i ·
∑

1≤d|n′

d = (2a − 1)σ1(n
′).

We can now compute r4(n) in this final case using this formula:

r4(n) = 8σ1(4m) − 8 · 4σ1(m)

= 8(2a+2 − 1)σ1(n
′) − 32(2a − 1)σ1(n

′)

= 24σ1(n
′),

as required. �

We notice that in particular we have that r4(n) > 0; this means that as

a by-product of our proof we have proved Legendre’s theorem that every

integer is representable as the sum of four squares.

There is an alternative proof, given as Exercise III.5.2 of [Koblitz

(1993)], which uses the theory of Hecke operators; one finds a basis of

eigenforms for T2 and then analyzes the action of Tn to show that the co-

efficients of Θ are given by the formulae in the theorem. This uses the key

fact that a basis of eigenforms for T2 is in fact a basis of eigenforms for

every Tp.



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

128 Modular forms: a classical and computational introduction

Finally, we will note the following result on the space of modular forms

for Γ1(4).

Proposition 5.34. Let k be a positive integer, and define F (q) =∑
n>0 odd σ1(n)qn and θ(q) =

∑∞
n=−∞ qn2

. Assign weight 2 to F and

weight 1 to θ2. The space of modular forms for Mk(Γ1(4)) is given by

polynomials which are the sum of monomials of weight k in F and θ2.

Moreover, the space Sk(Γ1(4)) is given by the graded ideal of polynomials

of weight k which are divisible by θ4F (θ4 − 16F ).

We note that F can be viewed either as the η-quotient η(q4)8/η(q2)4 or

as the linear combination of Eisenstein series −1/24(E2(q) − 3E2(q
2) +

2E2(q
4)); this can be proved in the standard way, by computing the dimen-

sion of M2(Γ0(4)), finding the Sturm bound and then checking explicitly

that the Fourier expansions are the same.

Proof. To prove this, we use the dimension formulae from Chapter 3 to

show that

dimSk(Γ1(4)) = dimMk+6(Γ1(4)), (5.39)

that S5(Γ1(4)) = Cθ2F (θ4 − 16F ) and S6(Γ1(4)) = Cθ4F (θ4 − 16F ), and

that the spaces of modular forms for Γ1(4) of weights between 0 and 5

are all generated by polynomials in F and θ2 of the correct weights. One

then proves that there is an isomorphism between cusp forms for Γ1(4) of

weight k+6 and modular forms for Γ1(4) of weight k, for every non-negative

integer k.

We leave the computational details to the reader as Exercise 15. �

This proposition tells us, amongst other things, that we can write theta

functions associated to the problem of representing n as a sum of an even

number of squares in terms of the functions F and θ4.

5.8.2 Representations of n by a quadratic form in an odd

number of variables

It is natural to ask “what happens if ν is odd?” Theta functions with ν

odd correspond to theta functions obtained by considering the number of

solutions to quadratic forms with an odd number of variables.

There is a theory of these, which goes back at least to work of Hardy

in [Hardy (1920)], but they are not modular forms of the type that we

have been considering so far; they are instead “half-integral weight modular
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forms”. The reason that they are not classical modular forms is that they

would have to have a fractional power of cz + d in the transformation

formula, and one has to be careful about the choice of the branch of the

square root.

We note that Magma now supports computations with half-integral

weight modular forms, using the command HalfIntegralWeightForms.

A good and accessible reference for these is Chapter IV of [Koblitz

(1993)], where we have the following theorem, similar to Proposition 5.34:

Theorem 5.35 (The space of half-integral modular forms). Let k

be a positive odd integer. Let θ(z) =
∑∞

n=−∞ qn2

and let F (z) =∑
n>0 odd σ1(n)qn. Assign weight 1/2 to θ and weight 2 to F . Then the

space Mk/2(Γ0(4)) is the space of all polynomials in the graded ring C[θ, F ]

which are sums of monomials each with weight k/2; we note that some

authors write this as Mk/2(Γ̃0(4)).

For instance, if k = 1 then the space of forms has dimension 1; it is gener-

ated by θ. There is a notion of cusp forms of weight k/2 in this setting; these

are the modular forms of weight k/2 in the ideal generated by θF (16F −θ4)

within C[θ, F ], and are written either as Sk/2(Γ0(4)) or Sk/2(Γ̃0(4)) ; this

corresponds to the cusp forms for SL2(Z) being those modular forms which

are in the ideal generated by ∆. The cusp form of lowest weight here

is θF (16F − θ4), which has weight 9/2. We also note that θ and F are

linearly independent over C.

We can prove the following result on the dimension of the space of

modular forms of half-integral weight and level Γ0(4):

Proposition 5.36. Let k be an odd positive integer. Then

dim Mk/2(Γ0(4)) = 1 +

⌊
k

4

⌋
,

dimSk/2(Γ0(4)) = max

(
1 +

⌊
k − 8

4

⌋
, 0

)
.

Proof. If k = 1 or k = 3 then there is only one (non-cuspidal) modular

form of weight k/2 (θ or θ3, respectively). In these cases we see that the

formulae hold.

If k ≥ 5 then there are 1 + ⌊k/4⌋ powers of F which have pure weight

less than k/2 (the 1 comes from the trivial power of F , F 0). Each of these

contributes one monomial, and every modular form of half-integral weight

is a polynomial in these monomials.
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Similarly, from the discussion above we see that every cusp form is a

polynomial of weight k/2 which is divisible by a certain modular form of

weight 9/2, so in effect we are looking at modular forms of weight (k−9)/2,

which gives the formula in the proposition. �

We note that we have seen the same form of argument about the dimension

of the space of cusp forms before, when we were proving dimension formulae

for Sk(SL2(Z)) in Chapter 3.

Finding the number of representations of an integer as a sum of three

squares is much more difficult than finding the the number of represen-

tations in terms of either two or four squares; we recall that there are

formulae which, given representations of two integers m and n in terms of

two or four squares, give a representation of mn in terms of two or four

squares. There is no such formula for sums of three squares. The fol-

lowing theorem, from [Armitage and Eberlein (2006)], does give an arith-

metic interpretation of the coefficients of the modular form θ3 (which has

weight 3/2). We let ax2 + 2bxy + cy2 be a binary quadratic form, with

discriminant9 D := b2 − ac. We say that two such forms are equiva-

lent if one can be transformed into the other by a substitution of the

form (x, y) 7→ (ax + by, cx + dy), where
(

a b
c d

)
∈ SL2(Z). We say that

two forms which are equivalent under this action of SL2(Z) are in the same

class.

It is a sign of how different areas of mathematics are related to one an-

other that the fundamental domain shown in Figure 2.1 is also a fundamen-

tal domain for binary quadratic forms, in that every positive definite binary

quadratic form can be shown to be equivalent to a reduced quadratic form

(which is defined to be one where either −a < b ≤ a ≤ c or 0 ≤ b ≤ a = c),

and one of the complex roots of a reduced quadratic form will lie within

the standard fundamental domain F .

We quote the following theorem (which appears as Theorem 11.1 of

[Armitage and Eberlein (2006)]) without proof.

Theorem 5.37. Let n be a positive integer, and let G(n) be the number

of classes of binary forms of discriminant −n, and F (n) be the number of

classes of such forms where at least one of a and c is odd. Then we have

that

r3(n) = 24F (n) − 12G(n).

9The notation ∆ is sometimes used for the discriminant, but it already has too many
definitions in the theory of modular forms.



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

Applications of modular forms 131

Proof. The proof is given as Chapter 11 of [Armitage and Eberlein

(2006)]; first one shows that the Fourier coefficients of θ3 give r3(n), and

then one uses the theory of elliptic functions10 to prove that r3(n) is given

by the difference of classes. �

One new feature of modular forms of half-integral weight is that the Hecke

operators Tn are identically zero if the positive integer n is not a perfect

square (see Proposition IV.3.12 of [Koblitz (1993)]). If n is a perfect square,

then we have the following result:

Theorem 5.38. Let N be a positive integer such that 4|N , let χ :

(Z/NZ)× → C× be a Dirichlet character, let p be a prime and let k = 2l+1

be a positive odd integer. Let f(z) =
∑∞

n=0 anqn ∈ Mk/2(Γ0(N), χ). Then

we have

Tp2f(z) =

∞∑

n=0

bnqn,

where

bn = ap2n + χ(p) ·
(

(−1)ln

p

)
pl−1an + χ(p2)pk−2an/p2 ;

(we have the convention that an/p2 = 0 if p2 ∤ n).

We note that if p | N then χ(p) = χ(p2) = 0, so then we have the much

simpler formula bn = ap2n.

The proof of this theorem involves considering the action of the Hecke

operators explicitly on a modular form of half-integral weight, and then

splitting it and rewriting each part in order to give the three summands in

the formula. We will not give this here; it can be found in [Koblitz (1993)]

as Proposition IV.3.13.

As in the integer weight case, one can find a basis of modular forms for

Mk/2(Γ0(N), χ) which are eigenforms for all of the Tp2 for p ∤ N , and in

many circumstances we can find a basis for all of the Hecke operators.

5.8.3 The Shimura correspondence

In [Shimura (1973)], the following theorem relating forms of half-integral

weight k/2 to forms of integral weight k − 1 is given:
10An elliptic function f is a meromorphic complex function such that there exists a
lattice L in C such that f(z + ω) = f(z) for every z ∈ C and ω ∈ L. [Armitage and
Eberlein (2006)] and [Whittaker and Watson (1996)], Chapter XX are good references
for these; [Silverman (1992)], Section VI.2 gives an account which relates them to the
theory of elliptic curves.
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Theorem 5.39 ([Shimura (1973)], Main Theorem). Let k ≥ 3 be an

odd integer, let N be a positive integer, let χ be a Dirichlet character mod-

ulo 4N , and let f ∈ Sk/2(Γ0(4N), χ) be a cusp form with Fourier expan-

sion f(q) =
∑∞

n=1 anqn which is an eigenform for all the Tp2 with eigen-

values λp2 .

Define a function g(q) =
∑∞

n=1 bnqn by
∞∑

n=1

bnn−s =
∏

p prime

1

1 − λp2p−s + χ(p)2 · pk−2−2s
.

Then g(q) is the Fourier expansion of a modular form in Mk−1(Γ0(2N), χ),

and if k ≥ 5, g is a cusp form.

Another reference for this section is [Koblitz (1993)], Section IV.4; the

version of the theorem given here reflects and follows Koblitz’s presentation.

Let us consider a numerical example, similar to that given in [Koblitz

(1993)]. Using the dimension formulae given in Proposition 5.36, we see

that the space of cuspforms for Γ0(4) of weight 11/2 is one-dimensional,

and is spanned by f := θ3F (16F − θ4). Using the dimension formulae

for integer-weight modular forms, we see that the space in which g lies,

S10(Γ0(2)), is one-dimensional, so g is a constant multiple of the unique

normalized cusp form h of that weight and level.

Because a modular form for Γ0(2) is also a modular form for Γ0(4), we

can write modular forms for Γ0(2) as polynomials in F and θ. We therefore

need to be able to find the Fourier expansion of h. We will use the fact

that there are modular forms in S10(Γ0(4)) with Fourier expansions h(q)

and h(q2); we will see in Exercise 16 that this uniquely identifies h; in fact,

we can show that

h(q) = q + 16q2 − 156q3 + 256q4 + 870q5 + O(q6). (5.40)

Using Proposition 5.34, we can therefore write h(q) in terms of the Fourier

expansions of the modular forms F (q) and θ2(q), and we find that g(q) is

a constant multiple of

h(q) =

∞∑

n=1

bnqn = θ4F (θ4 − 16F )(θ8 − 256F 2);

It can be shown (we refer to Proposition 14 of Chapter IV of Koblitz

for the details) that the following relationship holds between the ap2 and

the bp:

b2 = a4; bp = λp2 = ap2 +

(−1

p

)
p4 if p ≥ 3.
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This is an example of what Koblitz calls a “remarkable numerical identity”;

it relates coefficients of one sum of η-quotients to (different) coefficients of

another sum of η-quotients; the bare statement without the context of the

modular forms interpretation seems, in Koblitz’s words, to be “rather out-

landish”. These can be compared to the identities exhibited in Section 5.5.

5.9 CM modular forms

We can use the results of the previous section to find modular forms which

have “many” zero Fourier coefficients, in some rigorous sense. Recall that

Lehmer’s Conjecture says that τ(n) 6= 0 for all n ≥ 1; it is believed that

none of its Fourier coefficients are zero.

However, if we consider the modular form θ2 ∈ M1(Γ1(4)), we see that

at least a quarter of its Fourier coefficients are zero, because a2 + b2 6≡ 3

mod 4 if a and b are integers. Moreover, if we consider the coefficients ap

where p is an odd prime — this is reasonable because θ2 is an eigenform —

we see that in the limit as p → ∞ half of these coefficients are zero.

Similarly, if f(x) = x2+Ny2 is a positive definite quadratic form, we see

that there will be infinitely many positive integers which are not represented

by it, so the theta function defined by this form will be a modular form of

weight 1 for Γ1(4N) with infinitely many zero Fourier coefficients.

This is not the only class of examples; the space S5(Γ1(4)) is 1-

dimensional, and is spanned by

f(q) = η(q)4η(q2)2η(q4)4 = q
∞∏

n=1

(
(1 − qn)2(1 − q2n)(1 − q4n)2

)2
;

we see by considering the right-hand side of this η-product that if n ≡ 3

mod 4 then the nth Fourier coefficient of f is 0, so there are infinitely many

zero Fourier coefficients.

We introduce the following definition from [Ribet (1977)], to formalize

our intuition as to what “many” Fourier coefficients being zero means:

Definition 5.40. Let ε be a nontrivial Dirichlet character and let f ∈
Mk(Γ0(N), χ) be a modular new eigenform. We say that f has complex

multiplication by ε if

ε(p)ap = ap (5.41)

for all primes p in a set of density 1. If the kernel of ε in Gal(Q/Q)

corresponds to a field F then we say that f has complex multiplication
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by F . Also, if a modular form f has complex multiplication, we often say

that f is a CM modular form or f is a CM form.

Remark 5.41. We see that ε here has to be a quadratic character, because

Theorem 4.29 tells us that the modular form f ⊗ ε is a modular form

for Γ1(ND2), where D is the conductor of ε. If 5.41 holds, then we know

that f = f ⊗ ε, so we have that χε2 = χ, so ε2 = 1.

We see that the modular form f we defined above has complex multipli-

cation by the nontrivial Dirichlet character of conductor 4; we can take the

set of primes for the definition to be those primes congruent to 3 modulo 4.

We will show that this works for infinitely many Sk(Γ1(4)) in Exercise 20.

Another example is the unique normalized cuspform g ∈ S2(Γ0(32));

this is given by

g(q) = η(q4)2η(q8)2 = q
∞∏

n=1

(
(1 − q4n)(1 − q8n)

)2
.

Again, we see that we can choose a Dirichlet character (modulo 32) such

that (5.41) holds. We leave the details as Exercise 17.

The arithmetic interest in these forms does not come solely from the

fact that they have “many” zero Fourier coefficients. Let E be an elliptic

curve over Q. There are many isogenies from E to itself; for instance, there

are the multiplication-by-m maps, where m ∈ Z. If the endomorphism ring

of E is strictly greater than Z, then we say that the elliptic curve E has

complex multiplication. For example, let us consider

E : y2 = x3 − x.

We see that the endomorphism ring of E also contains the element

[i] : (x, y) 7→ (−x, iy);

where i is a square root of −1. We see that this is an endomorphism of E/Q

which is not multiplication by a rational integer, and therefore that E/Q

has complex multiplication (by a ring containing Z[i], which is in fact equal

to Z[i]).

CM elliptic curves over Q are very interesting; their extra structure

means that many important conjectures were first proved for CM curves

and only later for general elliptic curves. A good example of this is the

Shimura-Taniyama-Weil conjecture, which was proved for CM curves in the

1970s by Shimura [Shimura (1971)], long before the more general proofs of

Wiles and others in the 1990s.
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There is a literature on complex multiplication which includes [Shimura

(1998)]. The concept of complex multiplication can be generalized to

higher-dimensional abelian varieties also; we will not consider this here.

5.10 Lacunary modular forms

Following on from the previous section, we now briefly consider the notion

of lacunary modular forms, as defined in [Serre (1985)]. We will see that

these have a close relationship to CM forms.

Definition 5.42. Let f(q) =
∑∞

n=0 anqn be a power series. Define Mf (x)

to be the number of n ≤ x such that an 6= 0. We say that f is lacunary if

lim
x→∞

Mf (x)

x
= 0;

in other words, the density of the nonzero coefficients is zero.

If f is a modular form with Fourier expansion f(q), then we say that f

is a lacunary modular form.

We now state and prove a famous theorem from classical number theory.

Theorem 5.43 (Euler’s pentagonal number theorem). The follow-

ing identity of formal power series holds:
∞∏

n=1

(1 − qn) =

∞∑

k=−∞
(−1)kqk(3k−1)/2. (5.42)

We note that this theorem as stated does not involve modular forms, but we

see that the left hand side of (5.42) is η(q)/q1/24, which can be thought of

as having weight 1/2, while the right hand side resembles a theta function

in one variable, which again we can think of as having weight 1/2.

Proof. Firstly, we note that the inverse of the left hand side of (5.42) is

given by
∞∏

k=1

(1 − qk)−1 =

∞∑

n=0

p(n)qn,

where p(n) is the number of partitions of the integer n.11 This means that

we have ( ∞∑

n=0

p(n)qn

)
·
( ∞∑

n=0

anqn

)
,

11There is a large literature on the properties of p(n), which lies beyond the scope of
this book. For an overview and introduction to the subject, see [Andrews (1976)].
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where the an are the coefficients of the series in (5.42). By considering the

nth coefficient of this, we obtain the relation

n∑

i=0

ai · p(n − i) = 0, for n ≥ 0. (5.43)

The theorem that we are to prove can be restated as

an = 1, if n =
3k2 ± k

2
and k is even,

= −1, if n =
3k2 ± k

2
and k is odd,

= 0, otherwise.

We will therefore substitute these values into (5.43), and prove that the

equality holds, which will prove the theorem. If we define bn := (3i2 + i)/2,

then this gives us
∑

i

(−1)i · p(n − bi) = 0,

where n ≥ 0, and the summation is over all integers i such that bi ≤ n. We

can split the summation as follows:
∑

i odd

p(n − bi) =
∑

i even

p(n − bi) (5.44)

We now define P(n) to be the set of partitions of n; we can rewrite the

identity (5.44) as
∣∣∣∣∣
⋃

i odd

P(n − bi)

∣∣∣∣∣ =

∣∣∣∣∣
⋃

i even

P(n − bi)

∣∣∣∣∣ (5.45)

We leave the proof of this as Exercise 24. �

The name of this theorem comes from the fact that the indices of the

nonzero terms in the Fourier expansion are the generalized pentagonal num-

bers; the pentagonal numbers are those positive integers which are of the

form i(3i − 1)/2 for some positive integer i; they can be arranged in con-

centric pentagons, as we can see in Figure 5.2. The generalized pentagonal

numbers are those positive integers which are of the form i(3i− 1)/2 for an

integer i; those for which i is negative do not have a figurate representation.

A translation of Euler’s original proof into modern language can be found

in the expository article [Andrews (1983)]. There are other modern proofs
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Fig. 5.2 The first three pentagonal numbers

of this theorem; one can prove it in a completely combinatorial way, or as

a direct consequence of Jacobi’s triple product identity:

1+

∞∑

n=1

(zn + z−n)xn2

=

∞∏

m=1

(1−x2m)(1+ zx2m−1)(1+ z−1x2m−1); (5.46)

see Exercise 21.

We recall that in Chapter 1 we saw that MacMahon proved

that p(200) = 397299029388. This was not computed by enumeration,

but using the following recurrence relation on the p(i), which we will quote

without proof:

p(n) =

∞∑

i=−∞
(−1)i−1pn−qi

,

where qi is the ith generalized pentagonal number.

In Exercise 18, we see that Euler’s pentagonal number theorem implies

that η(q) is lacunary; in fact we know that Mη(x) = O(
√

x). At the

other end of the spectrum, we have already mentioned Lehmer’s conjecture

that τ(n) 6= 0 for any n ∈ N, which would make ∆ a very non-lacunary

function.

We can find elementary non-examples of lacunary modular forms; for

instance, the Eisenstein series Ek have no nonzero Fourier coefficients, so

the limit in the definition is 1, so they are not lacunary.

In [Serre (1985)], it is shown that an even power ηr of the η function

is lacunary if and only if r ∈ {2, 4, 6, 8, 10, 14, 26}. In [Gordon and Robins

(1995)], the authors find 45 η-products of the form η(q)rη(q2)s which are

lacunary, and show that there are no others. In Exercise 23, we will show

that the cusp form η(q6)4 is lacunary.

The following theorem of Serre, generalized in [Murty (1987)], shows us

that the concepts of CM and of lacunarity are closely related:
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Theorem 5.44. Let f be a modular form of integral weight with Fourier

expansion f(q). Then f is lacunary if and only if it is a finite linear com-

bination of CM modular forms.

A similar classification theorem is believed to be true for half-integral weight

modular forms; some progress was made towards this by [Ono (1998)].

5.11 Exercises

(1) Choose an odd positive integer n and a square integer m, and

write Tmθn as a polynomial in F and θ.

(2) In this question we will find an expression in terms of σ1(λn) for

the number of ways that one can represent a positive integer by the

quadratic form

Q(x, y, z, w) = x2 + y2 + 2z2 + 2w2.

(a) Find the level of the theta function

Θ(q) =
∑

x,y,z,w∈Z
qQ(x,y,z,w),

viewed as a modular form.

(b) Use the dimension formulae to find the dimension of this space,

and show that there are no cusp forms in this space.

(c) Find a basis of Eisenstein series for this space.

(d) Write Θ as a combination of these Eisenstein series and equate

coefficients to find the required expression.

(3) Prove Theorem 5.11.

(a) First show that the spaces Sk(Γ(N)) given in the theorem are all

1-dimensional.

(b) Now show that ∆1/N is a modular form, by considering the action

of Γ(N) or otherwise.

(4) Fill in the details in the proof of Theorem 5.33. In particular:

(a) Find the dimension of the space of modular forms.

(b) Compute the Sturm bound, to verify that we have computed

enough terms.

(c) Prove that the identities of sums of divisors hold.

(5) In this exercise, we will prove that the λ-function, as defined by (5.20),

is a modular function of weight 0 for Γ(2).
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(a) Verify from the definition in terms of the Dedekind η function that λ

has weight 0.

(b) Find a finite set of matrices G ⊂ SL2(Z) which are coset represen-

tatives for Γ(2) inside SL2(Z).

(c) Write each matrix in G in terms of the matrices ( 1 1
0 1 ) and

(
0 1
−1 0

)
.

(d) Prove that λ(q) transforms correctly under each element of G; you

may find the formula (5.5) useful.

(e) Why is λ not a modular function for Γ1(2)? Why is it not a modular

form?

(6) In this exercise we will find a formula for r8(n), the number of repre-

sentations of the non-negative integer n as a sum of 8 squares, in terms

of the coefficients of the Eisenstein series of level 4.

(a) Use Theorem 5.29 to show that F (q) :=
∑∞

n=0 r8(n) · qn is the

Fourier expansion of an element of M4(Γ0(4)).

(b) Use the dimension formulae to show that S4(Γ0(4)) = 0, and to

show that dimM4(Γ0(4)) = 3.

(c) Find a basis for M4(Γ0(4)); you may wish to consider the various

maps from M4(SL2(Z)) into M4(Γ0(4)). Write down the Fourier

expansions of the elements of this basis explicitly.

(d) Write F (q) in terms of your basis for M4(Γ0(4)) and equate Fourier

coefficients to obtain a formula for r8(n).

(7) Let k be an integer. One standard application of the fact

that Mk(SL2(Z)) is a finite-dimensional vector space is to prove the

identities (5.25), (5.26) and (5.27). We will now do this.

(a) Use the dimension formulae to show that the spaces of level 1 mod-

ular forms of weights 8, 10 and 14 are 1-dimensional.

(b) Find identities relating modular forms of weights 4, 6, 8, 10 and 14,

and equate coefficients to prove the identities.

(8) In this question we will consider half-integral weight modular forms.

Let k be a positive odd integer. Show that Mk/2(Γ0(4)) has a basis of

normalized eigenforms for all of the Hecke operators Tp2 .

(9) We will investigate classical modular functions of weight 0 and level N .

To show that two modular functions are identical, we need to multiply

both sides by a modular form with zeroes of the correct multiplicity to

cancel the poles of the modular functions.

(a) Define j2(q) := j(q)/j(q2). Show that this is a modular function of

weight 0 for Γ0(2), and write j as a rational function in j2.
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(b) Define j4(q) := j(q)/j(q4). Show that this is a modular function of

weight 0 for Γ0(4), and write j2 as a rational function in j4.

(10) In this exercise we will prove Theorem 5.14 by computation. Choose a

prime p ∈ {2, 3, 5, 7, 13}. (If you choose one of the larger p, you may

wish to write a computer program to perform the computations).

(a) Check that the function Φ(q) is a modular function of weight 0

for Γ0(p).

(b) Show that the Fourier expansion of Φ(q) begins q + · · · .
(c) Show that jp(q) is a modular function for Γ0(p).

(d) Successively subtract carefully chosen scalar multiples of Φ(q)i

from jp(q) until you have a modular function which has a zero

of order at least p2 at ∞.

(e) You should now have a function that vanishes to a very high order

at ∞. Show that it is in fact identically zero by transforming the

supposed identity of modular functions into an identity of modular

forms.

(11) In equation (5.19), we have the “almost integer” eπ
√

163. We will now

find some others.

(a) Find a list of the nine d such that the ring of integers of Q(
√

d) has

unique factorization.

(b) Use a reference such as [Silverman (1994)], Section II.6, and the

formula (5.18) to show that the 1/q term is the dominant term.

(c) Use these to find more “almost integers”.

(12) In this exercise we will show that τ(n) ≡ σ11(n) mod 691.

(a) Compute the coefficients of the Eisenstein series E12.

(b) Show that the space of modular forms that these modular forms

live in is 2-dimensional.

(c) Find an equality relating 691E12, 691E3
4 , and ∆.

(d) Reduce this equality modulo 691.

(13) Find similar congruences for other modular forms of level 1, using sim-

ilar arguments (finding an equality of modular forms with integral co-

efficients, working out their coefficients, and reducing modulo N at an

appropriate point).

(14) Show that if k1, k2 ∈ N and k1 ≡ k2 mod pn(p − 1) for some positive

integer n, then σk1(m) ≡ σk2 (m) mod for m ∈ N.

(15) In this exercise we will check the details of the proof of Proposition 5.34.

(a) Verify that the formula given in (5.39) holds.
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(b) Check that the six spaces Mk(Γ1(4)), for 0 ≤ k ≤ 5, are generated

by monomials of the form F i(θ2)j for 2i + j = k.

(c) Show that G6 := Fθ4(θ4 − 16F ) ∈ S6(Γ1(4)):

i. Firstly, check that G6 is a modular form of weight 6.

ii. Secondly, prove that h := η(q2)12 is a cusp form for Γ1(4) of

weight 6, by using the transformation formula (5.4), and by

using the fact that h2 = ∆(q2) is a cusp form of weight 12.

iii. Finally, show that h = G6 using the Sturm bound.

(d) Show that G5 := θ2(θ4 − 16F ) ∈ S5(Γ1(4)) by noting that as G6

has zeroes at each cusp, then G5 must have zeroes at each cusp

also.

(e) Finally, use induction on the weight k to show that every modular

form for Γ1(4) can be written as a polynomial in F and θ2.

(16) In this exercise we will carry out the calculations to find the Fourier

expansion of the unique normalized eigenform h ∈ S10(Γ0(2)), and then

to represent it in terms of F (q) and θ(q)2.

(a) Using the dimension formulae, or otherwise, show

that dim S10(Γ0(4)) = 3.

(b) Find a basis for the oldforms in this space in terms of h.

(c) Find a basis for the whole space S10(Γ0(4)) in terms of θ2 and F .

(d) Combine these to find a representation of h(q) in terms of F (q)

and θ(q)2, and check that your Fourier expansion for h matches

that given in (5.40).

(17) Check the details from the section on CM forms. In particular:

(a) Check that the η-products given are actually modular forms.

(b) Identify the fields F which the modular forms f and g have complex

multiplication by.

(c) Find an elliptic curve E/Q of conductor 32 and show that it has

complex multiplication.

(18) Show that η(q) is lacunary by estimating how many solutions to the

equation (3i2 + i)/2 = n there are for integers in the range 1, . . . , n.

(19) Similarly, show that θ(q) =
∑

n∈Z qn2

is lacunary.

(20) In this exercise we will show that there are infinitely many CM modular

forms for Γ1(4), with Fourier expansions of the form

f(q) =

∞∑

m,n=−∞
(m + in)k−1qm2+n2

.
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(a) Choose a suitable spherical function F with ν ≥ 1, using the Fourier

expansion of the modular form f as a guide. (There is a hint for

this given in the Hints and Solutions section of the book).

(b) Let k be a positive integer which is congruent to 1 modulo 4. Con-

struct a theta function using F .

(c) Use Theorem 5.29 to show that the theta function you have con-

structed is a cuspform of weight k for Γ1(4). Verify that it is a CM

form.

(d) What would happen if k ≡ 3 modulo 4?

(21) Substitute x = q3 and z = −y into the formula (5.46), and then replace

q2 by q to derive Euler’s pentagonal number theorem from the Jacobi

triple product identity.

(22) Use the techniques of Exercise 20 to create similar CM forms for Γ1(8).

(23) Show that η(q6)4 is a modular form in S2(Γ0(36)) and that it is lacu-

nary.

(24) Finish the proof of Theorem 5.42 by showing that the function which

maps the partition λ1 + · · · + λr = n − bi to either

(r + 3i − 1) + (λ1 − 1) + · · · + (λr − 1) = n − bi−1, if r + 3i ≥ λ1,

or

(λ2 + 1) + · · · + (λr + 1) + 1 + · · · + 1 = n − bi+1, otherwise,

(where there are λ1 − r − 3i − 1 1s in the sum) is an involution, and

hence a bijection, so (5.45) holds.
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Chapter 6

Modular forms in characteristic p

In this chapter we will give a brief overview of the classical and modern the-

ory of mod p modular forms, and indicate how one can compute with them.

This can allow us to prove results about modular forms in characteristic 0,

and is an interesting subject of study in its own right as well.

We will also give a brief overview of a very important conjecture re-

lating Galois representations and modular forms; this is Serre’s conjecture,

introduced in [Serre (1987)]; this has been proved very recently, and we will

discuss it in Section 6.2.

The classical treatment of mod p modular forms in [Serre (1973b)]

and [Swinnerton-Dyer (1973)] views mod p modular forms as reductions

of modular forms, in a way that we will explain in the next section. There

are certain cases where this is not sufficient, and we will then briefly discuss

a new type of modular forms which solve the problem; these are the Katz

modular forms, which were introduced in [Katz (1973)].

Another standard reference is [Lang (1976)]; mod p modular forms are

considered in Chapter X. The survey article [Ribet and Stein (1999)] gives

an overview and some useful references to the literature.

6.1 Classical treatment

Firstly, we will prove some elementary results on the structure of the ring

of mod p modular forms, and contrast this with the results that we have

proved for characteristic 0 modular forms.

143
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6.1.1 The structure of the ring of mod p forms

Let us consider modular forms for SL2(Z) for simplicity; in this section, we

will follow the exposition given in [Lang (1976)], Chapter X. We note that

one can formulate similar results for congruence subgroups.

Throughout this chapter we will refer to the expansion in terms of q of

a mod p modular form as the Fourier expansion of that modular form, to

conform with our usage elsewhere.

Firstly, we will need to introduce some extra terminology. Let R be a

commutative ring. We define Mk(Γ; R) and Sk(Γ; R) to be the spaces of

modular forms (respectively, cusp forms) for the congruence subgroup Γ of

weight k whose Fourier expansions are defined over R. Up to this point,

we have always assumed that R = C.

We recall from Proposition 3.6 that we can generate the algebra of

modular forms for SL2(Z) using the Eisenstein series E4 and E6; if we

define MR to be the graded ring of modular forms for SL2(Z) whose Fourier

expansions at ∞ have coefficients in R, we have that

MC =

∞⊕

k=0

Mk(SL2(Z);C) = C[E4, E6],

and the graded ring of cusp forms for SL2(Z) with Fourier coefficients in C

(which is a graded ideal in MC) is given by

SC =
∞⊕

k=0

Sk(SL2(Z);C) = ∆C[E4, E6].

Every modular form f ∈ MC can be written uniquely as a polynomial of

the form
∑

4a+6b=k

αa,b · Ea
4 · Eb

6 with αa,b ∈ C,

as E4 and E6 are linearly independent over C (see Exercise 5). A similar

statement holds for cusp forms; we simply multiply through by ∆ to enforce

the requirement that the form vanishes at ∞.

If we wish to reduce the Fourier expansions of modular forms f defined

over C modulo a prime p, then we will have to impose the conditions

that f has a Fourier expansion defined over the rational numbers, and

that the denominators of these coefficients are prime to p. Let Z(p) be

the local ring of Z at p; this is the set of rational numbers which have

denominators prime to p. We will also need the ring Z[ 12 , 1
3 ]; this is the ring

of rational numbers with denominators of the form 2a ·3b. We see that these
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are reasonable conditions, at least for modular forms for SL2(Z), because

we have already proved that there is a C-basis for Mk(SL2(Z)), given by

suitable powers of E4 and E6, whose elements have Fourier expansions

defined over Z. This means that we can find a basis of Hecke eigenforms

which have Fourier expansions defined over the integers of some number

field. We will see below that this basis does not give every modular form

with integral Fourier coefficients.

For ease of notation in this section, we will drop the SL2(Z) and refer

to spaces of modular forms as Mk or Mk(R) if we wish to make the ring of

definition explicit.

We can consider the space of modular forms of weight k which have

coefficients in Z(p); these form a Z(p)-module Mk(Z(p)) ⊂ Mk. We will

define Mk to be the classical space of mod p modular forms (for SL2(Z))

of weight k; it is the reduction of Mk(Z(p)) modulo p.

Over C, we could generate the algebra of modular forms with E4 and E6,

but we see that there are modular forms with integral coefficients which are

not integral polynomials in E4 and E6, such as ∆ = 1/1728(E3
4−E2

6). There

are two possible solutions to this: we can either add another generator, or

consider modular forms over Z[ 12 , 1
3 ]. Firstly, we will add a generator; we

have already seen in Exercise 1 of Chapter 3 that we can find an integral

basis using E4, E6 and ∆, and now we will find that basis explicitly. Let

us recall Theorem X.4.3 from Lang:

Theorem 6.1. Let k be an even integer and let Mk(Z) be the space of

modular forms of weight k with Fourier coefficients in Z. Then Mk(Z) has

a Z-basis, which is also a C-basis for Mk(C), of the form

(1) Ea
4 · ∆b with 4a + 12b = k, if k ≡ 0 mod 4,

(2) E6 · Ea
4 · ∆b with 4a + 12b = k − 6, if k ≡ 2 mod 4.

Proof. There is a standard strategy for proof-by-induction of results

about modular forms for SL2(Z); we first show the desired result for some

base case, normally for weights less than or equal to 12, and then we use

multiplication-by-∆ to go to higher weights. We will follow this here.

For weight k < 12, we see that the dimension is 0 or 1, and therefore the

result is obvious. The basis is either empty, or a product of the Eisenstein

series E4 and E6, or the constant 1 (if k = 0).

So we now assume that k ≥ 12, and that f ∈ Mk(Z). There are two

cases here; either f is a cusp form or it isn’t. If f is a cusp form, then

we have that f is the product of ∆ and a modular form of weight k − 12,
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so f ∈ ∆Mk−12(C), and as ∆−1 has integral Fourier expansion coefficients,

we see that f/∆ ∈ Mk−12(Z). We now use the induction hypothesis to

write f/∆ as a polynomial with integral coefficients in E4, E6 and ∆, and

we are done.

If f is not a cusp form, then we consider f −a0 ·Ea
4 ·∆b if k ≡ 0 mod 4,

or f − a0 · E6 · Ea
4 · ∆b if k ≡ 2 mod 4, for suitable choices of a and b.

These are cusp forms of weight k, and so by dividing by ∆ we can reduce

our problem to the case of modular forms of weight k − 12. Therefore we

are done. �

We note that there is another choice for a Z-basis of Mk(SL2(Z)), known

as the “Victor Miller basis” (because it appears in Miller’s thesis); it is

also the reduced row echelon form of the basis. The proof given follows

Theorem 4.4 of Chapter X of [Lang (1976)].

Proposition 6.2. Let k be a positive integer. The space Mk(SL2(Z)) has

a basis g0, . . . , gr, such that if ai(gj) is the ith Fourier coefficient of gj,

then ai(gj) = δij. Also, the gj have Fourier expansions defined over Z.

Proof. If we choose positive integers a, b such that 4a+6b ≤ 14 and 4a+

6b ≡ k mod 12, then we can write

hj = ∆jE
2(r−j)+b
6 Ea

4 ;

we can check that this modular form has weight k, integral Fourier coeffi-

cients, and satisfies aj(hj) = 1 and ai(hj) = 0 if i ≤ j. We can then use

Gaussian elimination to find the gj. �

We note that this basis is a good choice for computational purposes,

because given a modular form in the space spanned by the Victor Miller

basis, we can easily write it in terms of the basis elements.

The other choice is to change the basis ring; we consider modular forms

with coefficients in Z[ 12 , 1
3 ]; we invert these primes because they are the

prime divisors of 1728, which is the denominator of ∆ when it is written as

a polynomial in E4 and E6.

Theorem 6.3. Let k be an even integer and let Mk(Z[ 12 , 1
3 ]) be the space of

modular forms of weight k with Fourier coefficients in Z[ 12 , 1
3 ]. Then we can

write every f ∈ Mk(Z[ 12 , 1
3 ]) as a polynomial in E4 and E6 with coefficients

in Z[ 12 , 1
3 ].

Proof. As before, we first check the base case; this time we need to

consider weight 12 also. The spaces of modular forms with weights less
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than 12 are all one-dimensional, generated by an Eisenstein series or a

constant. We can therefore write these as polynomials in E4 and E6.

For weight 12 we recall that ∆ = 1/1728 · (E3
4 − E2

6); this is where we

need to invert 2 and 3.

For k > 12, we have either that f is a cusp form, in which case we

consider f/∆ and use the induction hypothesis, or we consider f−a0 ·Ea
4 ·Eb

6

for a suitable choice of a and b; this will be a cusp form, so as before we

can divide by ∆ and reduce our problem to that of forms of weight k − 12.

Thus we have proved the theorem as this is the induction hypothesis. �

We will now consider the structure of Mk(Fp). We have seen that Mk(Z)

can be generated by 3 generators (∆, E4, E6), and that Mk(Z[ 12 , 1
3 ]) can

be generated by 2 generators (E4, E6). We will now prove the analogous

result for Mk(Fp). There are two very different cases; p < 5 and p ≥ 5;

these are very different because the Fourier coefficients an for n > 0 of E4

and E6 vanish modulo 2 and modulo 3.

Theorem 6.4. Let p = 2 or 3 and let k be an even integer. Then we have

that

E4 ≡ E6 ≡ 1 mod p,

and

MFp
= Fp

[
∆
]
.

Furthermore, we see that Mk(Fp) is the set of polynomials in ∆ over Fp of

degree at most r, where r is ⌊k/12⌋ if k mod 12 6= 2 and ⌊(k − 2)/12⌋ if k

mod 12 6= 2.

We now assume that p ≥ 5. Then we have that

MFp
= Fp

[
E4, E6

]
,

and every element of this ring can be written as a product of E4, E6

and E3
4 − αE2

6 , where α ∈ F.

The space Mk(Fp) is given by the ring of graded polynomials in E4

and E6 of weight k.

We notice that if p < 5, then we can generate Mk(Fp) with one gener-

ator, ∆.

Proof. If p < 5, we see that

E4(q) ≡ E6(q) ≡ 1 mod 24 · 3,
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so when we reduce modulo p we are left with the constants and ∆. We then

use the dimension formula for characteristic 0 modular forms to prove the

last assertion; recall that the dimension goes up linearly in the weight k,

and the constant is 1/12.

We now assume that p ≥ 5. We can write an element of Mk(Fp) as a

graded polynomial in E4 and E6 (as we can invert 1728 in Fp). Following

the argument given in [Lang (1976)], we can set E4 = X4 and E6 = Y 6, so

a graded polynomial in E4 and E6 can be written as a graded polynomial F

in X and Y .

We assume that there is a linear factor X −λY of F over Fp[X, Y ]. We

see that if α is a 4th root of unity and β is a 3rd root of unity, then there

is an automorphism of Fp[X, Y ] given by X 7→ αX and Y 7→ βY which

fixes F . This means that

∏

α,β

(αX − λβY ) = X12 − αY 12 = E3
4 − αE2

6

is a factor of F .

The assertion about Mk(Fp) follows by considering the structure of

characteristic 0 modular forms of weight k over Z and then reducing them

modulo p; we notice that we can write ∆ = (E3
4 − E2

6)/1728, and because

we have assumed that p ≥ 5 we can invert 2 and 3, so we can reduce 1/1728

modulo p. �

One standard result about a particular modular form concerns the Eisen-

stein series Ep−1, when p ≥ 5. We will prove the following result, which

will allow us to determine the Fourier expansion of Ep−1. This will shed

more light on the Bernoulli numbers, which we introduced in Section 2.3.

Proposition 6.5 (Von Staudt-Clausen congruence). Let n be a pos-

itive integer and let p ≥ 5 be a prime. Then

pBp−1 ≡ 1 mod p.

Proof. We note that this can be generalized to a result for all Bn, using

the Kummer congruences (see Theorem X.1.1 of [Lang (1976)]), but we will

not need that level of generality here. (The proof we give here was credited

to Zagier by Lang).

If we consider the defining relation for the Bernoulli numbers and mul-
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tiply both sides by a suitable multiplier, we have
∞∑

m=0

Bm · tm

m!
=

t

et − 1
(

ept − 1

t

) ∞∑

m=0

Bm · tm

m!
=

ept − 1

t

t

et − 1

=

p−1∑

n=0

ent.

We now consider the coefficients of tm/m! on both sides of this equation.

We find that
p−1∑

m=0

(p − 1)!

(p − k)!k!
Bk · pp−k =

p−1∑

r=1

rn,

and we extract pBp−1 from the left-hand side to obtain

pBp−1 = −
p−3∑

k=0

(
n

k

)
pBk · pp−1−k

p − k
+

p−1∑

r=1

rn.

Finally, we see using the fact that pp−1−k/(n−k+1) vanishes modulo p

that pBp−1 has non-negative p-valuation, and hence that

pBp−1 ≡
p−1∑

r=1

rp−1 mod p;

using Fermat’s Little Theorem we see that this sum is congruent to −1

modulo p, as required. �

This proposition will allow us to prove the following corollary about the

Fourier expansion of Ep−1.

Corollary 6.6. Let p ≥ 5 be a prime number. Then

Ep−1(q) ≡ 1 mod p.

Proof. We apply Proposition 6.5 to the Fourier expansion of Ep−1, which

we recall has the coefficient 2(p − 1)/Bp−1 in it. By the Proposition, we

see that 1/Bp−1 vanishes modulo p, so as σp−2(n) takes values in Z, we see

that Ep−1(q) ≡ 1 mod p. �

For p = 2 and p = 3, we can replace Ep−1 by the Eisenstein series E4,

which vanishes modulo 2 and modulo 3. We notice that in this case we still

have p − 1 dividing 4.
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We can in fact go further than this; for every prime p, there is a mod p

modular form called the Hasse invariant which has Fourier expansion which

is just the constant 1 and weight p − 1.

For p = 2 and p = 3, this is not the reduction of a classical modular

form with characteristic 0, because there are no classical modular forms

for SL2(Z) of weight or weight 2. The definition of the Hasse invariant

in these cases is more technical; we can view the Hasse invariant as the

reduction of a modular form for a congruence subgroup Γ1(N), where N is

prime to p. We will find suitable Eisenstein series in Exercise 7.

Finally, we will state one case of what are known as the Kummer con-

gruences relating different Bernoulli numbers. We will need this in the next

section.

Proposition 6.7 (Kummer congruence). Let p be a prime number,

and let m and n be positive integers. If m ≡ n 6≡ 0 mod (p − 1), then

Bm

m
≡ Bn

n
mod p.

Proof. There is a proof of this given as [Lang (1976)], Chapter X, The-

orem 7.1, and another is given in [Ireland and Rosen (1990)], Chapter 15,

Section 2, Theorem 5. �

6.1.2 The θ operator on mod p modular forms

We have seen in Chapter 2 that the θ operator “destroys modularity” (see

Proposition 2.28); in other words, if f is a non-constant modular form,

then θ(f) is not a modular form. However, in the mod p world we can

define a θ operator which does preserve (mod p) modularity.

We extend the definition of the θ operator to be a formal derivative on

power series over Fp in the natural way.

We now recall Theorem 7.1 from [Lang (1976)], which deals with the

reduction of Ep+1 modulo p.

Proposition 6.8. Let p ≥ 5 be a prime. Then

Ep+1(q) ≡ E2 mod p, and (6.1)

∂kEp−1 ≡ Ep+1 mod p. (6.2)

Proof. We note that σp(n) ≡ σ1(n) modulo p for every prime p, and

that by Proposition 6.7, we have the correct congruence for the Bernoulli
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numbers, so (6.1) holds. We have therefore shown that θ preserves mod p

modularity.

We also note that from the definition of ∂k in (2.23) we have

∂k(Ep−1) = 12θ(Ep−1) − (p − 1)E2Ep−1; (6.3)

if we reduce both sides of this modulo p, and use that Ep−1 ≡ 1 modulo p,

and (6.1), then we have (6.2). �

By rearranging the defining equation for ∂k, we see that, if p ≥ 5, then

θ(f) =
∂k(f) + (k − 1)E2 · f

12
;

we note that E2 ≡ Ep+1 modulo p, and Ep−1 ≡ 1 modulo p, so there-

fore θ(f) ≡ 1/12(∂k(f)Ep−1 + (k − 1)Ep+1f) is a mod p modular form of

weight k + p + 1.

We note that if p = 2 or p = 3, then the space of mod p modular forms

is given by the space Fp[∆], and that

θ(∆) ≡ ∆E2 mod p

because ∂12∆ ∈ S14(SL2(Z)), and this is a zero-dimensional vector space.

We also note that E2 ≡ 1 modulo 2 or 3, so therefore θ acts trivially

on Fourier expansions modulo 2 or 3. This means also that it preserves

modularity modulo 2 and 3, so we have showed that θ preserves mod p

modularity for every prime p. As an illustration of this, let us consider

the ∆ function as a mod 13 modular form. We see that g := θ(∆) is a

mod 13 modular form of weight 26 with no constant term, and by dimension

considerations, we see that g must be the reduction of the unique cuspidal

eigenform for SL2(Z) of weight 26 (see Exercise 6). We note especially that

this is a relation involving only (mod p) eigenforms.

6.1.3 Hecke operators and Hecke eigenforms

Hecke operators on mod p modular forms can be defined by taking the

definition of Hecke operators on classical modular forms with coefficients

in Z(p) and reducing modulo p.

One interesting elementary observation is that the operators Tp and Up

that we have defined coincide modulo p if the weight is greater than 1.

This is because the second factor in the definition vanishes; it contains a

factor of pk−1 which is zero modulo p. On the other hand, if the weight is

exactly 1 then the second term does not vanish. We will see in Section 6.3

that weight 1 is special in other ways.
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We have seen that there are many congruences modulo p between modu-

lar forms of different weights, because there are modular forms such as Ep−1

which are congruent to 1 modulo p. In [Jochnowitz (1982)], it is shown that

there are only finitely many distinct systems of eigenvalues for any given

congruence subgroup Γ. We note that this means that the Hecke operators

acting on mod p modular forms are nonsemisimple.

In [Conrey et al. (2000)] it is shown that if we fix a congruence sub-

group Γ then the characteristic polynomials of the Hecke operators acting

on Sk(Γ) are of the form
n∏

i=1

fi(x),

where the fi are periodic.

Both of these results tell us that the Hecke operators and the Hecke alge-

bra are rather different in the characteristic 0 and characteristic p worlds;

for instance, it is conjectured that the characteristic polynomials of the

Hecke operators acting on Sk(SL2(Z)) are always irreducible (Maeda’s con-

jecture; see Section 7.5.5).

6.2 Galois representations attached to mod p modular

forms

We saw in the previous section that the Fourier expansion of a mod p mod-

ular form does not identify it uniquely; for instance, because the Eisen-

stein series E4 and E6 both vanish modulo 2, the mod 2 modular forms ∆

and ∆Ea
4 Eb

6 have the same Fourier expansion.

This motivates us to define the filtration of a modular form f ; the

smallest weight at which there is a modular form with the same Fourier

expansion as f .

Definition 6.9. Let p be a prime number and let f ∈ Mk(Γ1(N);Fp). We

define the filtration w(f) to be the smallest non-negative integer k′ ≤ k

such that there exists g ∈ Mk′(Γ1(N);Fp) such that f(q) ≡ g(q) mod p.

We note here that the mod p filtration of the Eisenstein series Ep−1 is 0, be-

cause it is congruent to the constant 1 which is a modular form of weight 0.

In our motivating example above, we see that the mod 2 filtration of ∆Ea
4 Eb

6

is 12.

We see that if a mod p modular form f has weight k then its Fourier

expansion appears as the Fourier expansion of a mod p modular form at
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weights k+p−1, k+2(p−1), and so on, via multiplication by the Eisenstein

series Ep−1. The converse to this is more difficult to prove.

One major motivation for the study of the arithmetic aspects of the

Fourier expansions of modular forms is given by the following two theorems

on Galois representations attached to modular forms. Firstly, we will briefly

recall the definition of a representation; for our purposes, it is a continuous

group homomorphism ρ : G → GL(V ), where G is a group and V is a

vector space. A representation is said to be irreducible if it has no nonzero

proper subrepresentations.

It is a standard result (see Chapter VI, Sections 1 and 2 of [Serre (1979)])

that there is an invariant N or Nρ called the Artin conductor or simply the

conductor of a representation ρ.

Let K/Q be a Galois extension with Galois group G. We recall that

for a prime p which is unramified in K a Frobenius element Frobp of a

finite Galois group G is defined to be an element such that Frobp(x) ≡ xp

mod p; this is unique up to conjugacy class.

Theorem 6.10 (Deligne-Serre, [Deligne and Serre (1974)]).

Let f ∈ S1(Γ1(N)) be a normalized modular eigenform with Fourier expan-

sion f(q) =
∑∞

n=1 anqn, with Dirichlet character ε such that ε(−1) = −1.

Then there exists a finite Galois extension K of Q with Galois group G and

a representation

ρf : G → GL2(C),

such that, if p ∤ N , the characteristic polynomial of ρf (Frobp) is

x2 − ap · x + ε(p).

We note that the representation here is complex; in the following theo-

rem it will be defined over Fp.

The following theorem was proved for weight 2 by Shimura, and for

arbitrary weights greater than 2 by Deligne.

Theorem 6.11 (Shimura [Shimura (1966)], Deligne [Deligne (1973)]).

Let f ∈ Sk(Γ1(N);Fp) be a normalized modular eigenform of character χ

with Fourier expansion f(q) =
∑∞

n=1 anqn. Let F be the field generated

over Fp by the an. Then there exists a unique semisimple representation

ρf : Gal(Q/Q) → GL2(F )

such that

Trace ρf (Frobl) = al
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and

det ρf (Frobl) = lk−1χ(l)

for l ∤ pN . We say that ρf is associated with f .

These results say that, given a modular form modulo p, we have a Galois

representation. It is natural to ask if we have a result that goes the other

way: given a Galois representation ρ, what conditions do we have to impose

to be certain that there is a modular form f associated to ρ?

There is a famous conjecture of Serre which gives an answer to this:

Conjecture 6.12 (Serre, [Serre (1987)]). Let p be a prime number and

let ρ : Gal(Q/Q) → GL2(Fp) be an irreducible Galois representation. We

say that ρ is odd if ρ(c) = −1, where c is the action of complex conjugation

on Q.

We say that a representation is modular (of weight k, level N and

character χ) if there exists a modular eigenform f ∈ Sk(Γ0(N), χ;Fp) such

that ρf
∼= ρ.

Assume that ρ is odd. Then we have the following conjectures:

(1) Weak Conjecture: ρ is modular.

(2) Strong Conjecture: ρ is modular, of a weight, level and character that

are given by an explicit recipe.

Remark 6.13. We note that the Weak Conjecture is difficult to falsify;

there is no obvious way for us to show that a given representation is not

modular of some weight and level, although we can show that it is not

modular of any given level. However, the Strong Conjecture is falsifiable; it

gives a specific space of modular forms which we can compute and check to

see whether there is a modular form with a suitable representation attached.

Remark 6.14. We note that it is necessary to consider mod p modular

forms in this conjecture, because there exist cases where the space of mod-

ular forms specified in the recipe is trivial in characteristic 0 but nontrivial

in characteristic p.

A good introduction to the theory of Serre’s Conjecture as it was known

before 2007 is the survey article [Ribet and Stein (1999)]. This explains

things in a very down-to-earth way, with many explicit calculations.

Before 2007, the following was known:
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Theorem 6.15. Let F be a finite field of characteristic greater than 2

and let ρ : Gal(Q/Q) → GL2(F ) be an irreducible representation. If ρ is

modular, then ρ is modular of the given weight, level and character.

This was also known for many cases when the characteristic was 2; one

thing that makes the even characteristic case harder is that −1 = 1 in

characteristic 2, so the condition of being an odd representation becomes

trivial.

This means that the Weak and the Strong conjectures were known to

be equivalent in many cases. The following was also known; in Section 6.7

of [Hellegouarch (2002)], it was said that “except for a finite number of

special cases, it has not been proven in general”:

Theorem 6.16. Let ρ be an odd irreducible representation taking val-

ues in GL2(Fr) which satisfies some technical conditions. Then if r ∈
{2, 3, 4, 5, 7, 9}, ρ is modular.

It should be noted that the theorem was known to be true unconditionally

if r = 2 or r = 3, and that this fact plays a crucial role in the proof of

Fermat’s Last Theorem. It is also useful to note that these results were

proved by methods which, although deep and ingenious, did not seem to

generalize to larger finite fields; they were rather ad hoc. There was even

speculation that Serre’s conjecture could be false, as much of the numerical

evidence known was for small finite fields, and could be explained without

Serre’s conjecture.

Recently, however, everything changed (see the introduction to Chap-

ter 6 of [Hellegouarch (2002)], which talks about a “new paradigm” in the

context of Fermat’s Last Theorem; the new results on Serre’s Conjecture

were as startling, at least to this author). The following theorem was an-

nounced by Khare and Wintenberger and Kisin:

Theorem 6.17 (Serre’s Conjecture for any conductor). Let q be a

prime power and let ρ : GQ → GL2(Fq) be an irreducible odd represen-

tation. Then ρ is modular.

In 2005, this theorem was proved for representations with Artin conduc-

tor 1 (that is, unramified away from p); see [Khare (2006b)] for the proof,

and [Khare (2006a)] for a survey of the proof. The MathSciNet review calls

this a “spectacular advance” over previous results, which it undoubtedly

is, as it uses different methods which can be generalized to arbitrary finite

fields. The theory of modularity is crucial to this; generalizations of the
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work of Wiles and Taylor in proving that representations are modular are

an important ingredient of the proof of Serre’s conjecture.

The references for the odd conductor case are [Khare and Wintenberger

(2006a)] and [Khare and Wintenberger (2006b)]. The paper [Kisin (2008)]

deals with the case of even conductor.

6.3 Katz modular forms

In Section 6.1.1, we defined mod p modular forms to be the reductions of

classical modular forms. However, we recall that we remarked that Serre’s

conjecture in certain circumstances predicts the existence of a mod p mod-

ular form f of weight 1, but where there is no characteristic 0 modular form

of weight 1 that can be reduced mod p to give f . We insist on weight 1

for this point, because if we allow higher weights then we can lift f to

characteristic 0.

Work of Mestre (published as Appendix B in [Edixhoven (2006)], but

carried out during the 1980s), generalized by Wiese (published as Ap-

pendix A in [Edixhoven (2006)]), shows that there are examples where

this actually occurs; when p = 2, there are circumstances when conjectures

predict that there should be a mod 2 modular form of weight 1, but there is

no suitable weight 1 form in characteristic 0, but there is a suitable mod 2

object. Mestre’s original example was a mod 2 modular form f of level 1429

and weight 1 with Fourier expansion defined over F8 which begins

f(q) = q + αq2 + αq3 + (α2 + 1)q4 + (α2 + α)q5 + O(q6), (6.4)

where α3 + α2 + 1 = 0. This cannot be the reduction of a characteristic 0

modular form of weight 1 because the image of the Galois representation ρ

associated to f is SL2(F8), and there is no finite subgroup G of GL2(C)

such that G has SL2(F8) as a quotient.

The solution to this problem is to expand the definition of mod p mod-

ular form to include forms which do not come from characteristic 0. This

requires us to define modular forms as rules which map pairs consisting

of an elliptic curve E defined over a ring R and a “level N structure”, a

map Z/NZ → E[N ] satisfying some compatibility properties. This follows

ideas introduced by Katz in [Katz (1973)]. It can be shown that the space

of modular forms given by this definition when R = C is isomorphic to the

definitions we gave in Chapter 2. The notation Sk(Γ; R)Katz is often used

for spaces of Katz modular forms to make it clear that one is referring to

these and not to classical modular forms.
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The advantage of considering modular forms as rules acting on objects

in a certain way which satisfy certain compatibility properties is that we

can generalize the fields that they are defined over. Also, they provide a

more conceptual reason for viewing the study of modular forms as an area of

number theory rather than of complex analysis; it is an interesting feature

of the way modular forms theory is normally taught that first one considers

certain holomorphic functions on H, and only after this does one encounter

Hecke operators and their arithmetic. Using the approach of Katz we can

define modular forms over a general commutative ring R without having to

ensure that R is a subring of C, and one can begin with a number-theoretic

ring without having to begin with complex functions.

The result of Mestre and others that we mention above is a good exam-

ple of how computational power can be used to find examples in number

theory; to find mod 2 weight 1 modular forms which cannot be lifted to

characteristic 0, one performs a computer search and then checks for modu-

lar forms whose associated Galois representation has large enough image H

so that there is no finite subgroup G of GL2(C) such that G has H as a

quotient. Having a fast computer means that one can find large numbers

of examples.

We will briefly sketch one way to find mod p weight 1 modular forms

that is used in [Edixhoven (2006)]. We note that the Hasse invariant has

weight p − 1, and that raising to the pth power in characteristic p comes

down to mapping q to qp. We therefore look for a power series f(q) such

that both f(q) and f(qp) are the Fourier expansions of mod p modular

forms of weight p. This can be efficiently done by a computer; we will see

an easy example of this in Section 6.5. This also relies on us being able to

say definitively that a Fourier expansion is of the form g(qp); we quote the

following theorem:

Theorem 6.18 ([Edixhoven (2006)], Proposition 4.2). Let p be a

prime, let χ be a Dirichlet character modulo N , and define

B :=
p + 2

12
N
∏

l|N
l prime

(
1 + l−1

)
.

If g ∈ Sp(Γ1(N), χ;Fp) has Fourier expansion given by g(q) =
∑∞

n=1 anqn

with an = 0 for all n less than B which are not divisible by p, then g = f(qp)

and there exists a unique modular form f ∈ S1(Γ1(N), χ;Fp) with Fourier

expansion f(q).
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We note that the p + 2 in the definition of B appears because the proof

uses the properties of the θ operator divided by the Hasse invariant, which

raises the weight by p + 1 − (p − 1) = 2.

6.4 The Sturm bound in characteristic p

In Chapter 4, we saw (using Proposition 4.24) that we could find a basis

whose elements are eigenforms for the Hecke operators Tp (for p ∤ N) for

the space of modular forms Sk(Γ1(N)). We can also prove that these bases

have Fourier expansions which are defined over the integers of a certain

number field. This means that we can reduce the Fourier expansions of

characteristic 0 modular forms modulo a suitable prime ideal.

We have the following version of the Sturm bound “mod p”, which allows

us to check whether the reductions of two modular forms of the same weight

and level are identical using a finite amount of computation. This is in fact

the original version of the Sturm bound given in [Sturm (1987)]. A modern

reference for this is [Stein (2007)], Section 9.4.

Theorem 6.19. Let K be a number field and let OK be its ring of integers.

Let m be a prime ideal in OK , and let Γ be a congruence subgroup of SL2(Z)

of index M . Suppose that f ∈ Mk(Γ) is a modular form whose Fourier

expansion f(q) =
∑∞

n=0 anqn takes values in OK , and that ai ∈ m for i ∈
{0, 1, . . . , kM/12}. Then an ∈ m for all n ∈ N.

Remark 6.20. We see that this theorem implies the characteristic 0 version

of the Sturm bound, because we can apply Theorem 6.19 for every maximal

ideal m to obtain the characteristic 0 Sturm bound (recall that an integer

that is divisible by infinitely many distinct prime numbers must be 0).

Proof. The proof strategy is very similar to that used for the Sturm

bound in Chapter 3. We first show that it is true for SL2(Z) and then

reduce the general case to this special case. Here, we will prove it for SL2(Z)

and leave the general case as an exercise.

We will use the ∆ function, which as we recall has integral Fourier

expansion beginning q − 24q2 + O(q3). We recall that it has a unique zero

at the cusp ∞ and no other zeroes.

The order of vanishing of G := f12/∆k at ∞ is at least −k, because f is

holomorphic at ∞. We also see that the order of vanishing of G modulo m

is strictly greater than 0, because the order of vanishing of ∆−k modulo m is
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at most k, and the assumption in the theorem is that the order of vanishing

of f modulo m is strictly greater than k/12.

These two observations allow us to write its Fourier expansion as

f12

∆k
=

∞∑

n=−k

anqn,

where the an are all in the ring of integers of the field K, and if n ≥ 0 then

we have that an ∈ m.

Recall that Proposition 5.5 says that we can write the modular func-

tion G as a polynomial in the j-invariant of degree at most k. This means

that we have

f12

∆k
∈ m[j],

with degree at most k, and because ∆k has integral coefficients, we see

that f12 ∈ ∆k · m[j].

Therefore, we have that f12 vanishes modulo m, and because m is a

prime ideal, we see that this means that f vanishes modulo m, as required,

so every Fourier coefficient of f lies in m.

The proof for general congruence subgroups Γ follows the idea given in

the characteristic zero proof; we find the cosets

SL2(Z) =

m⋃

i=1

Γγi,

(where without loss of generality we may take γ1 = 1) and consider the

modular form

F := f ·
m∏

i=2

f |[γi]k.

One can show that F is a modular form for SL2(Z), and then apply the

result we have proved above. �

6.5 Computations with mod p modular forms

We notice that the area of mod p modular forms is an especially suitable

topic for computation; if we wish to check whether two modular forms have

Fourier expansions which are congruent modulo a prime number p, then

we can find the Sturm bound N , compute both Fourier expansions to the
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precision qN and then check if their difference really does vanish modulo p.

Let us consider an explicit example.

It can be shown by consulting Cremona’s tables of modular elliptic

curves [Cremona (1997)] that there are three isogeny classes of elliptic

curves of conductor 503. The associated cuspidal modular eigenforms

in S2(Γ0(503)) have Fourier expansions beginning

f1(q) = q + q2 + q3 − q4 − 2q5 + q6 + O(q7)

f2(q) = q + q2 + 3q3 − q4 − 2q5 + 3q6 + O(q7)

f3(q) = q − q2 + q3 − q4 − 4q5 − q6 + O(q7).

We can check that for this space of modular forms the Sturm bound is 84,

and by explicit computation we can see that the Fourier expansions of f1−
f2, f1 − f3 and f2 − f3 vanish modulo 2 up to this bound, so the three

modular forms are pairwise congruent modulo 2. In Exercise 2 we will check

this statement explicitly. This example is taken from [Kilford (2002)].

We now consider another example where we relate modular eigenforms

of different weights and levels. Let us consider the ∆ function and the

modular eigenform f ∈ S6(Γ0(7)) which has Fourier expansion

f(q) = q − 10q2 − 14q3 + 68q4 − 56q5 + O(q6).

We will show that

f(q) ≡ ∆(q) mod 7. (6.5)

We first multiply f by the Eisenstein series E6 to obtain a modular form of

the same weight as ∆. By Corollary 6.6, we recall that E6(q) ≡ 1 modulo 7.

We then consider the modular form g := ∆ − f · E6, which is an element

of S12(Γ0(7)).

The Sturm bound for this particular space of modular forms is 8, so

we need only check that the first 8 Fourier coefficients are congruent to 0

modulo 7 to apply Theorem 6.19 to g. We invite the reader to verify this

in Exercise 3.

We can discover many more congruences of this general form; for in-

stance, we can show that the Fourier expansion of the (unique) normalized

eigenform f ∈ S2(Γ0(11)) is congruent to ∆(q) modulo 11, by the same

method of multiplying by a suitable Eisenstein series; see Exercise 4.

Finally, we present an example of how to find a mod p weight 1 modular

form. Let N = 23 and p = 2. The space S2(Γ0(23)) can be shown to be 2-

dimensional, with basis

f(q) = q − q3 − q4 − 2q6 + 2 + q7 − q8 + O(q9)

g(q) = q2 − 2q3 − q4 + 2q5 + q6 + 2q7 − 2q8 + O(q9).
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We see that (to O(q9)) we have that f(q)2 ≡ g(q) modulo 2. By

Theorem 6.18, we see that this is enough accuracy to be able to show

that f(q2) ≡ g(q) modulo 2, as B = 8 in this case, and therefore that there

is a modular form h ∈ S2(Γ1(23);F2) with Fourier expansion equal to f(q).

Similar computations can be carried out for other levels and primes p;

in Exercise 8 we will verify Mestre’s computation of a mod 2 weight 1 form

which is not the reduction of a characteristic 0 weight 1 form.

6.6 Exercises

(1) Prove Theorem 6.19 for an arbitrary congruence subgroup. There

are proofs of this given in Sturm’s original paper [Sturm (1987)] and

in [Stein (2007)], Chapter 9.

(2) Check the assertions given in the example concerning S2(Γ0(503)); com-

pute the Sturm bound and check that the forms f1, f2 and f3 are

congruent modulo 2 to a sufficiently high degree of accuracy.

(3) Check that the congruence (6.5) holds, using a computer algebra pack-

age of your choice, or otherwise.

(4) In this exercise we will show that the modular forms ∆ ∈ S12(SL2(Z))

and f = η(q)2η(q11)2 ∈ S2(Γ0(11)) are congruent modulo 11.

(a) Find an Eisenstein series E which is congruent to 1 modulo 11 and

has weight 10.

(b) Compute the modular form ∆ − f · E to a suitable precision to

show that its Fourier expansion at ∞ vanishes modulo 11.

(5) Prove that the Eisenstein series E4 and E6 are linearly independent

over C.

(6) Check the assertion given in Section 6.1.2 that

θ(∆) ≡ ∆E2
4E6 mod 13

and find other congruences of the form θ(f) ≡ g such that both f and g

are eigenforms.

(7) Let p ∈ {2, 3}. We will find suitable modular forms which are charac-

teristic 0 lifts of the Hasse invariant.

(a) Let p = 2. Show that the theta function with Fourier expansion

E(q) :=
∑

x,y∈Z
q2(x2+xy+y2) = 1 + 6q2 + 6q6 + O(q7)

is a modular form for Γ1(12) of weight 1, and that its reduction

modulo 2 has Fourier expansion 1.
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(b) Now let p = 3. Show that the modular form F given by

F (q) := 2E2(q
2) − E2(q)

is a modular form for Γ0(2) of weight 2, and that its reduction

modulo 3 has Fourier expansion 1.

(8) Prove using the methods outlined in Sections 6.3 and 6.5 that there is

a mod 2 weight 1 modular form of level 1429 with Fourier expansion

given by (6.4).



June 6, 2008 11:13 World Scientific Book - 9in x 6in computations˙with˙modular˙forms

Chapter 7

Computing with modular forms

I wish to God these calculations had been performed by steam. — Charles
Babbage, 1812, on finding many errors in tables compiled by the Royal
Astronomical Society.

A modern reference for those who want to calculate with modular forms is

Stein’s textbook [Stein (2007)]. This is unusual in that it emphasizes the

computational aspects of the subject, rather than the theory.

Other references for computations in number theory are [Crandall and

Pomerance (2005)], the books [Cohen (1993)] and [Cohen (2000)] on al-

gorithms and computational number theory. The comprehensive survey

given by [Dickson (1966)] also includes some information about historical

computations.

7.1 Historical introduction to computations in number the-

ory

There has been a long history of computation in pure mathematics gen-

erally and number theory specifically, and in the area of modular forms.

In the Exercises following Chapter 1 of [Hellegouarch (2002)], a passage

from Jakob (I) Bernoulli’s Ars Conjectandi of 1713 is quoted, where he

uses properties of the Bernoulli numbers, which we defined in Chapter 2,

to compute the sum of the tenth power of the first 1000 positive inte-

gers; he says “[t]his example shows the uselessness of the book ‘Arithmetica

infinitorum’ by Ismael Bullialdus, which is entirely devoted to a tremen-

dously large computation . . . [which is] less than what I accomplished here

in a single page”. To quote the entry for 107,928,278,317 in [Wells (1998)],

163
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mathematicians “can be as competitive as athletes.”1

Possibly the oldest computations which can be seen to be in the

field of modular forms are the classical Greek computations of the figu-

rate numbers (Pythagoras is credited with initiating the study of these

numbers); these are numbers which can be represented as a pattern of

dots; for instance, there are the triangular numbers 1, 3, 6, 10, . . . , n(n +

1)/2, . . ., the square numbers 1, 4, 9, 16, . . . , n2, . . ., the pentagonal num-

bers 1, 5, 12, 22, . . . , n(3n − 1)/2, . . ., and so on for polygons of more and

more sides. Figure 5.2 shows a graphical representation of the first few pen-

tagonal numbers. One of the many great triumphs of Euler was to show

that the following relationship holds (we proved this as Theorem 5.43):

∞∏

n=1

(1 − qn) =

∞∑

m=−∞
(−1)mqm(3m−1)/2.

We note that the left hand side of this equality is the Dedekind η func-

tion divided by q1/24, which is where the link to the theory of modular

forms comes from. The right hand side can be seen to give the generalized

pentagonal numbers (these are the values of n(3n − 1)/2 for n ∈ Z).

Another computation from classical antiquity which can be fitted into

the framework of modular forms is one performed by Diophantus of Alexan-

dria, who worked during the 3rd century AD. He has been called “the father

of algebra”, and gives his name to the solution of polynomial equations

in integers, which are known as Diophantine equations, although he often

found rational solutions to the equations he considered. In book VI of the

Arithmetica ([Sesiano (1982)]), he finds x such that x3 − 3x2 + 3x + 1 is a

square; this is essentially finding rational points on a modular elliptic curve

associated to a modular form in S2(Γ0(1728)) (it can be shown that there

are infinitely many points defined over Q, generated by the point (0, 1)).

We have mentioned that modular functions can be used to compute

digits of π. In the 17th century, Isaac Newton wrote in a letter that “I am

ashamed to tell you to how many figures I carried these computations [of

the digits of π], having no other business at the time”.

In the 18th century, Gauss was well-known for his calculating ability, as

well as his more theoretical work, such as the justly famous Disquisitiones

arithmeticae [Gauss (1986)]. His rediscovery of the asteroid Ceres in 1801

1This number is interesting because it is the first in an eighteen-term arithmetic pro-
gression of primes, with common difference 9922782870. It has fairly recently been
proved that there are arbitrarily long arithmetic progressions consisting only of primes;
see [Green and Tao (2008)].
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was aided by his ability to calculate logarithms in his head without using

pencil and paper. He encouraged the prodigy Zacharias Dase to perform

number-theoretic calculations, such as the computation of digits of π (using

formulae similar to (5.22) to calculate π in his head) and extending tables

of integer factorizations; Dase computed the factorizations of the integers

between 7000000 and 10000000.

Babbage, in the 19th century, designed mechanical computers (the Ana-

lytic Engine and the Difference Engine) which would have been able to com-

pute many interesting number-theoretic quantities, such as the Bernoulli

numbers, if they had ever been completed. He did complete smaller me-

chanical devices, which were capable of enumerating the values of polyno-

mials such as f(n) = n2 +n+41, which has the property that f(i) is prime

if i is an integer between 0 and 40.

The work of Ramanujan in the early 20th century is still important

today; there is a journal named after him which publishes papers in the

areas that he worked on2. One of his great strengths was in calculation,

which gave him evidence upon which he could make his conjectures, which

were backed up by a very strong intuition for what should be true: for

instance, the Ramanujan conjecture on the size of the coefficients of the ∆

function. We have seen in Theorem 5.43 a proof of this result.

J. W. L. Glaisher [Glaisher (1907a,b,c)] performed calculations at the

beginning of the 20th century for certain modular forms related to the rep-

resentation of positive integers as the sum of certain numbers of squares,

and gave some tables of the mathematical functions he calculated. It is in-

teresting to note how much more complicated the formulae become as the

number of squares increase. It is interesting to note the lengths of these

papers, which take up most of one volume of the journal; the first few cases

(representations of an integer as the sum of 2,4 or 6 squares) take only a

few lines or at most a page, while the final case, which deals with repre-

sentations of an integer as the sum of 18 squares, requires over 60 pages.

Both Ramanujan (in [Ramanujan (1916)]) and Louis Mordell (in [Mordell

(1918)]) subsequently extended this work.

During the latter part of the 19th century, through to the middle of

the 20th century, there was a great interest in the creation of tables by

mechanical means. There is a project which is still running, called the

Cunningham Project, which aims to factor certain integers of the special

type bn ± 1. The latest versions of these tables can be found in [Brillhart

2This is a very rare honour.
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et al. (2002)] and at their website3. One body which did much to promote

the creation of tables was the British Association Mathematical Tables

Committee; Glaisher, who we mentioned above, was the first secretary

of this body. Cunningham left a substantial amount of money to create

number-theoretic tables; one of these which has some relation to modular

forms is the table of representation of primes by quadratic forms [Gupta

et al. (1960)], as these can be viewed as determining the coefficients of

theta functions. There were other volumes which are more closely related

to the theory of modular forms; one was a table of partitions, and another

gave values of the Riemann ζ function. A full account of the history of

this committee can be found in [Croarken and Campbell-Kelly (2000)],

and [Campbell-Kelly et al. (2003)] is a general history of mathematical

tables.

Although the following devices have very little to do with modular forms

computations, they are striking enough to be worthy of a brief review. One

of the most unusual primality-proving devices was that built by Lehmer

in the 1930s; it used bicycle chains with gaps of different lengths to find

integers which satisfied congruence conditions. In [Lehmer (1928)] he gives

details of its operation, and how it could factor N := (1020+1)/(104+1) into

the product of two primes. There were other innovative analogue computers

built; the Phillips Economic Computer (see [Swade (1995)]) simulated the

economy of a developed country by hydraulic means, by using coloured

water pumped between tanks.

In the 1960s, Atkin was performing calculations at the Atlas Computer

Laboratory; according to Birch’s memoir of this time [Birch (1998)], one

of the uses of modular form theory at the time was to compute η(q)26

to test the performance of their computer hardware; this is an interesting

application of modular forms, comparable to the use of computations of

digits of π in the manner of Algorithm 5.16. Atkin’s work at the time dealt

with congruences between modular forms, in the style of Ramanujan, and

also on the subject of modular forms for non-congruence subgroups.

In [Atkin (1968)] (quoted in [Birch (1998)]) the following sentence ap-

pears: “I can admit the possession of 2 cwt. of computed tables, of which

at least 2 stone I have not even thought worth examining”. The era of

access to large-scale computer power has meant that it is now very easy to,

in Swinnerton-Dyer’s words (also quoted in [Birch (1998)]) “pile up lists of

integers in the manner of a magpie” which are “neither designed to produce

3This can be found at http://homes.cerias.purdue.edu/~ssw/cun/.
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valuable results nor capable of doing so”.

On the other hand, the Birch–Swinnerton-Dyer conjecture, which relates

the rank of an elliptic curve E over a number field to the order of vanishing

of its L-function (an analytic object associated to E and analogous to the

Riemann ζ function), was motivated by a large computation performed

on the EDSAC computer at Cambridge, which had been used earlier to

find the then largest prime number known (180 · (2127 − 1)2 + 1, in 1951).

This was also supported later on by evidence for elliptic curves with special

properties, for instance those defined over Q with complex multiplication.

There were a series of conferences in Antwerp during the 1970s [Kuyk

(1973); Deligne and Kuyk (1973); Kuyk and Serre (1973); Birch and Kuyk

(1975)] on modular forms in one variable. These included computational

papers, and some tables of modular forms, which are sometimes called the

“Antwerp tables” in the literature.

Computations with weight 2 modular forms were often motivated by the

study of modular elliptic curves. One of the direct descendants of the tables

of elliptic curves given in the proceedings of the Antwerp conferences are the

tables of elliptic curves over the rational numbers by Cremona [Cremona

(1997)]. A related table is reported on in [Stein and Watkins (2002)]; this

contains about 44 million elliptic curves, including nearly all curves with

conductor less than 108.

In the 1990s, a package called Hecke for doing computations with

modular forms, via the arithmetic of modular symbols, was developed by

William Stein. This allows us to calculate modular forms (at least with

weight k ≥ 2) in a systematic way, thus unifying and generalizing those

tables which had been compiled beforehand.

We will now introduce some mathematical software which can be used to

do computations with modular forms, including descendants of the package

Hecke that we have just mentioned.

7.2 Magma

The Magma system [Bosma et al. (1997)] was developed at the Univer-

sity of Sydney and released in 1994; the University releases new versions

and updates on a regular basis. Its predecessor, Cayley, was first de-

scribed in 1981–82 (see [Cannon (1984)]). Magma is available under a

non-commercial cost-recovery license.

The recent volume [Bosma and Cannon (2006)] gives a selection of ex-
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amples of papers which use Magma to investigate mathematical problems.

Magma has a large package, based on William Stein’s package Hecke,

supporting computations on modular forms; finding eigenforms, computing

bases, computing Hecke operators. We will discuss some of these here.

Magma can be invoked from the command line in Linux or Unix using

the command magma if it is installed locally.

ljpk@magma:~$ magma

Magma V2.14-1 Thu May 22 2008 12:09:00 on magma

[Seed = 854292760]

Type ? for help. Type <Ctrl>-D to quit.

We now define a space of modular forms:

> S12:=CuspidalSubspace(ModularForms(1,12));

> S12;

Space of modular forms on Gamma_0(1) of weight 12 and

dimension 1 over Integer Ring.

> Basis(S12);

[

q - 24*q^2 + 252*q^3 - 1472*q^4 + 4830*q^5 - 6048*q^6

- 16744*q^7 + O(q^8)

]

This is the modular form ∆(z) that we defined previously. We will now

compute 500 terms of the q-expansion of ∆, and print out the 499th term.

> Delta:=qExpansion(Basis(S12)[1],500);

> Coefficient(Delta,499);

-108877719272500

We can also compute Eisenstein series:

> M6:=ModularForms(1,6);

> EisensteinSeries(M6);

[*

-1/504 + q + 33*q^2 + 244*q^3 + 1057*q^4 + 3126*q^5

+ 8052*q^6 + 16808*q^7 + O(q^8)

*]

and we can check that ∆ = (E3
4 −E2

6 )/1728 by the following computation:

> M4:=ModularForms(1,4);
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> E4:=qExpansion(EisensteinSeries(M4)[1],500);

> E6:=qExpansion(EisensteinSeries(M6)[1],500);

> ((240*E4)^3-(-504*E6)^2)/1728-Delta;

O(q^500)

By calculating the Sturm bound in this case using Theorem 3.13, we see

that a modular form of level 1 and weight 12 which vanishes to order 500

must be identically zero. In fact, we can compute the Sturm bound (which

we recall is also known as the Hecke bound):

HeckeBound(ModularForms(1,12));

1

This indicates that our computation to that precision was not actually

necessary, but it is good to check that the program is producing the correct

output.

We can also compute Hecke operators. Let us illustrate with the exam-

ple of S2(Γ0(37)):

> S37w2:=CuspidalSubspace(ModularForms(37,2));

> HeckeOperator(S37w2,3);

[ 1 0]

[ 2 -3]

and we can find eigenforms for the Hecke operators too:

> Newforms(S37w2);

[* [*

q - 2*q^2 - 3*q^3 + 2*q^4 - 2*q^5 + 6*q^6 - q^7 + O(q^8)

*], [*

q + q^3 - 2*q^4 - q^7 + O(q^8)

*]*]

We notice that the eigenvalues of the matrix of the Hecke operator T3 are

the Fourier coefficients a3 of these newforms.

We can also find and verify congruences between two modular forms.

Here, we define the ring of power series over F691 and then show that ∆

and E12 are congruent modulo 691 (using Theorem 6.19):

> PSR<q>:=PowerSeriesRing(FiniteField(691));

> E12:=qExpansion(EisensteinSeries(M12)[1],500);

> PSR!(E12-Delta);

O(q^500)
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We note that we can go in the other direction; given a power series which is

the Fourier expansion of a modular form to a given precision, we can create

that modular form. (The notation $1 used here means “the result of the

last computation”).

> PSR<q>:=PowerSeriesRing(Rationals());

> S37w2!(q-2*q^2+O(q^3));

q - 2*q^2 - 3*q^3 + 2*q^4 - 2*q^5 + 6*q^6 - q^7 + O(q^8)

> Parent($1);

Space of modular forms on Gamma_0(37) of weight 2 and dimension 2

over Integer Ring.

In fact, it can be shown that the fragment of Fourier expansion given suffices

to identify this modular form uniquely, using the Sturm bound.

7.2.1 Magma philosophy

We notice from the discussions above that there are some unusual features

in the Magma system; we had to define the power series rings over F691

and Q before we could use them. This occurs more generally; Magma

has strong typing, so one needs to define objects before they are used.

Polynomial rings also know what they are defined over, and the system will

give an error if one uses elements of the wrong ring:

> PR<x>:=PolynomialRing(Rationals());

> 1.2*x;

>> 1.2*x;

^

Runtime error in ’*’: Bad argument types

Argument types given: FldReElt, RngUPolElt[FldRat]

> Parent(1.2);

Real field of precision 30

Here we see that we cannot automatically use real numbers, like 1.2, as

coefficients of a polynomial over the rationals. If we wish to use this, we

must consider it as a rational number:

> Parent(6/5);

Rational Field

> 6/5*x;

6/5*x
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There is, however, some automatic coercion between different fields; for

instance, one can coerce rational numbers into the reals as follows (because

there is an injection Q →֒ R):

> 4321/8765+0.0;

0.492983456930975470621791215060

We can also coerce objects from one structure to another using the ! oper-

ator:

> E:=EllipticCurve([0,1]);

> E![2,3];

(2 : 3 : 1)

We note that the name Magma is derived from the Bourbaki definition of a

magma to be a set M equipped with a single binary operation M×M → M .

The error messages given by Magma can also be quite interesting; con-

sider

> Universe({});

>> Universe({});;

Runtime error in ’Universe’: Illegal null set

7.2.2 Magma programming

Although Magma has many functions already defined, it is quite common

that one wishes to do something new. There are two ways that one can

define new functions in Magma. If we are writing a short program, then

we can use the function terminology:

> increment:=function(n);return n+1;end function;

> increment(3);

4

This is easy to implement and is suitable for simple functions, but if we

are writing something that we intend to use more generally, then we can

write functions using the intrinsic command; some examples are given

as Appendix A. Intrinsics must be attached before they are used:

> Attach("AppendixA.m");

> ModularFormsDerivative(Newforms(S37w2)[1][1]);

10*q + 4*q^2 - 54*q^3 - 148*q^4 - 500*q^5 - 348*q^6

- 706*q^7 + O(q^8)
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> Parent($1);

Space of modular forms on Gamma_0(37) of weight 4 and dimension 11

over Integer Ring.

Once a file has been attached to Magma, it will be monitored by the

system, and if it has been changed then its contents will be re-loaded into

memory when a Magma command is run.

There are several advantages to using intrinsics when one is program-

ming in Magma: they check the types of the input, one can “overload”

them (which means that we can have several different possible input types,

which is not possible with functions)4, and their signature can give useful

information on what they do:

> ModularFormsDerivative;

Intrinsic ’ModularFormsDerivative’

Signatures:

(<ModFrmElt> f) -> ModFrmElt

This computes the partial_k map from M_k to M_(k+2).

This is much more informative than the information Magma stores for a

function:

> increment;

function(n) ... end function

This helps in maintaining good documentation, which is important if one

wishes to reuse old code or share code with other people; in particular, the

type-checking encourages good programming practice. One can set Magma

up so that it attaches the user-defined intrinsics when one runs Magma.

On the other hand, if we have a plain text file with Magma commands

in it, we can use the load command to load and run these. We can also

output text to a file for future reference, as well as saving the whole Magma

state to be reloaded at a later date.

We also note that Magma stores the results of computations; if we

compute ModularFormsDerivativewith the same inputs twice, the second

time will be almost instantaneous, as it can recall the result of the first

computation from memory. This particular feature can become problematic

if one runs a large number of computations in a single session, as this will

4It is instructive to type ModularForms; at the command-line to see just how many
different ways there are to construct such spaces.
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use more and more memory; the standard way to get around this is to write

a batch file to run each computation in its own Magma process.

7.3 Sage

The Sage [Stein and Joyner (July 2005)] computational algebra package

is a new open-source project led by William Stein which supports compu-

tations with modular forms (as well as many other things). The modular

forms commands are very similar to those of Magma; we now demonstrate:

ljpk@sage:~/% sage

--------------------------------------------------------------

| SAGE Version 3.0.1, Release Date: 2008-05-05 |

| Type notebook() for the GUI, and license() for information.|

--------------------------------------------------------------

sage: S24=ModularForms(1,24).cuspidal_subspace()

sage: S24

Cuspidal subspace of dimension 2 of Modular Forms space

of dimension 3 for Congruence Subgroup Gamma_0(1) of weight 24

over Rational Field

sage: S24.hecke_polynomial(3)

x^2 - 339480*x - 19020146544

Sage has an object-oriented syntax, like that in languages such as C++.

This means that there are specific functions available for objects of a par-

ticular type; here the space of modular forms has about 200 available func-

tions, amongst which are the computation of the Hecke polynomials, the

cuspidal subspace, the dimension and many others. We can also compute

the Hecke operators as matrices:

sage: S24.hecke_matrix(7)

[ -707479910536 -1396411809408/19]

[ 6796980449280 706120726136]

and we can compute the Hecke algebras too:

sage: S24.hecke_algebra()

Full Hecke algebra acting on Cuspidal subspace of dimension 2

of Modular Forms space of dimension 3 for Congruence Subgroup

Gamma0(1) of weight 24 over Rational Field
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We can even chain together lots of functions, although this may not be a

sensible idea if we are trying to understand what we are doing:

sage: S24.hecke_polynomial(7).factor_mod(5)

(x + 1) * (x + 4)

This computes the factorization over F5 of the characteristic polynomial

of T7 acting on S24(Γ0(1)).

We can also find a basis of modular forms for a space of cusp forms; we

now exhibit the two eigenforms of level 37 and weight 2:

sage: S37=ModularForms(37,2).cuspidal_subspace()

sage: S37_basis=S37.basis()

sage: f=S37_basis[0]

sage: g=S37_basis[0]-2*S37_basis[1]

sage: f

q + q^3 - 2*q^4 + O(q^6)

sage: g

q - 2*q^2 - 3*q^3 + 2*q^4 - 2*q^5 + O(q^6)

This computes the two eigenforms to precision q6. We can compute these

to arbitrary precision. Note that the elements of the list are indexed from 0,

unlike in Magma, which indexes from 1. There is a great deal of function-

ality in the Hecke algebra implementation; one can compute dimensions;

one can compute the Hecke bound and the Hecke algebra:

sage: S37.sturm_bound()

7

sage: S37.hecke_algebra()

Full Hecke algebra acting on Cuspidal subspace of dimension 2

of Modular Forms space of dimension 3 for Congruence Subgroup

Gamma0(37) of weight 2 over Rational Field

Sage also understands the standard congruence subgroups Γ0(N)

and Γ1(N). It can, for instance, compute sets of coset representatives for

these in SL2(Z):

sage: G=Gamma0(3)

sage: list(G.coset_reps())

[[1, 0, 0, 1], [0, -1, 1, 0], [0, -1, 1, 1], [0, -1, 1, 2]]

We can find out what commands are available for a given object by the

following construction:
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sage: G.

G.Hom G.__reduce__ G._maple_ G.generators

[more output omitted]

This in fact produces a vast list of output; there are many functions avail-

able for a generic group.

7.3.1 Sage philosophy

One of the core features and philosophies of Sage is that one can call

functions from other packages, such as Pari (installed by default) and

Mathematica (as long as it is installed locally). The project in its own

words is about “building the car instead of reinventing the wheel”; to this

end, they incorporate over 50 other open-source packages (such as GAP,

Pari, and Singular). This can be very useful if one wishes to use packages

or reuse one’s own code written in those languages. Here is an example

of this, which computes the size of the torsion subgroup of the elliptic

curve y2 = x3 + 1, as well as a generator of it:

sage: gp(’elltors(ellinit([0,0,0,0,1]))’)

[6, [6], [[2, 3]]]

We note also that Sage, like Magma, has strong typing; we must define

polynomial and power series rings before they are used (the terminology

for this is very similar, although not identical, to that of Magma):

sage: (t^2-1).factor()

NameError: name ’t’ is not defined

sage: PR.<t>=PolynomialRing(Rationals())

sage: (t^2-1).factor()

(t - 1) * (t + 1)

It is also free and open-source; it is released under the General Public

License and is intended to be extended by those who use it.

7.3.2 Sage programming

Sage is implemented in the computer language Python; this is described

by the project as an advantage, because it is a well-known and well-

documented language independently of its use in their package, so there

are reference sources available to support it, such as [Lutz (2003)]; it is also
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available under a free license, so it also is open-source. Other computer al-

gebra packages have defined their own custom languages that one programs

in.

Sage shares some of the syntax of Magma; in particular, there is the

same distinction between load and attach, in that a text file which is

loaded into Sage is simply run, whereas the contents of an attached file

are updated if the file is later updated.

There is a similar construction to the Magma function command in

Sage:

sage: def add(a,b):

....: return a+b

sage: add(10,12)

22

We note that because Sage uses Python the indentation given here is

important.

We can also define the equivalent of Magma intrinsics in Sage. Because

it is designed to interface with many other systems, we can write it in many

ways: as a Sage script, or in Python, GAP, Pari, or in C++. There is a

version of Python used by Sage called Cython which can be much faster,

and was specifically designed with speed in mind. One can even run Magma

or Mathematica code in Sage, if one has these programs installed locally.

7.3.3 The Sage interface

One innovative feature of Sage, which we will now discuss, is the notebook

interface. Magma and Pari both have a command-line interface, and

while Sage also has a command-line interface, it also has a notebook mode

(like that of Mathematica or Maple). Unlike those systems, however,

this is accessed using a web browser such as Firefox or Internet Explorer.

This fits in with the Sage philosophy that, where possible, functionality

should be re-used and not coded from scratch; using already-designed and

well-documented web browsers means that their design features can be em-

ployed, and designers will be more familiar with off-the-shelf web browsers

than a custom interface.

The fact that web browsers are used here means that the graphical

version of Sage can be used remotely, which is an unusual and potentially

very useful feature for educational purposes; it also allows users to use the

graphical interface with a more powerful remote computer.
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7.3.4 Sage graphics

Although the systems we have discussed are command-line based, they can

give graphical output. One application of this for Sage is that it can be

used for teaching calculus, where one would like to graph functions over the

real numbers, for instance, to help students visualize the material they are

learning.

Figure 5.1 was created using the plot commands built in to Sage; we

give the code that was used in the Hints and Answers section at the back

of the book. The syntax for these commands, in the words of the Sage

team (in the Reference Manual), was “inspired by the interface for plotting

in Mathematica”; one can define elements separately and then add them

together to create an image:

sage: line1=line([[0,0],[10,10]])

sage: line2=line([[0,0],[-10,10]])

sage: (line1 + line2).save("twolines.png")

This produces the image shown in Figure 7.1. We can add colour to these

plots by using rgbcolor with each part.

7.4 Pari and other systems

7.4.1 Pari

There are many other computer algebra packages available. Pari [Pari]

(also known as GP or Pari/GP) is free and open-source (released under

the General Public License); it was originally developed by Henri Cohen

and his co-workers at the University of Bordeaux 1.

Although Pari does not have as many built-in functions for modular

forms as Magma and Sage, it can be used for some tasks. We recall that

the ∆ function is the 24th power of the Dedekind η function, and use Pari

to calculate it (we have to add in the extra q because Pari has η(q) defined

so as to exclude the q1/24):

ljpk@meccah:~/% gp

GP/PARI CALCULATOR Version 2.3.3 (released)

[snipped]

parisize = 4000000, primelimit = 500000

? \ps5

seriesprecision = 5 significant terms
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Fig. 7.1 A sample Sage image

? q*eta(q)^24

%1 = q - 24*q^2 + 252*q^3 - 1472*q^4 + 4830*q^5 + O(q^6)

Programming in Pari is much like programming in C, so it may appeal to

those with a background in this. It lacks strong typing, which is such a

feature of Magma and Sage; this may or may not appeal to the reader.

The elliptic curves support is good, which may be very important for some

modular forms calculations.

Pari can also produce visual output in the form of plots of functions;

the syntax for the ASCII plot is plot(X=a,b,expr,{Ymin},{Ymax}), which

produces a rendition of the graph of expr (this can even cope with trigono-

metric functions), and ploth(X=a,b,expr) gives a high-precision plotting

of expr. One can create Postscript versions of these by using the command

psploth.

In Figure 7.2, we see the graph of abs(x) between −10 and 10, as pro-
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duced by Pari.

Fig. 7.2 A sample Pari image

There are books which use Pari as their computer algebra package of

choice; for instance [Rodriguez Villegas (2007)], and others which recom-

mend it, such as [Cohen (1993)], [Cohen (2000)] and [Rose (1994)]. It has

also been used for modular forms computations; [Coleman et al. (1998)]

includes a Pari program as its Appendix.

7.4.2 Other systems and solutions

There have been a few modular forms libraries written for the graphical

computer algebra packages Maple
5 [Heck (1993)], Mathematica

6 [Wol-

fram (1996)] and MATLAB7 [Hunt et al. (2006)], such as Garvan’s package

QSERIES [Garvan (1998)] or Grotendorst’s package [Grotendorst (1991)],

but these programs are not optimized for number theoretic computations,

and do not have the codebase of Magma or Sage. Maple, Mathematica

and MATLAB are all non-free software, although many universities and

5Maple is a registered trademark of Waterloo Maple Inc.
6Mathematica is a registered trademark of Wolfram Research, Inc.
7MATLAB is a registered trademark of the MathWorks Inc.
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companies have license arrangements for at least one of these.

Much of the source code of Maple (although not the kernel) can be

viewed by the user using the following commands:

> interface (verboseproc=2);

> print (plot); # or another function name

These graphical packages can be very useful for more informal com-

putations; for instance, the author’s computations of modular functions

of level 2n in terms of the modular j-invariant were greatly assisted by

Maple. Computations that do not require either a lot of memory or a

lot of predefined functions may also be easier to implement in a graphical

package.

Helena Verrill has an online package to draw pictures of fundamental

domains, which is written in Java [Verrill (2001)]. This is also available as

Magma code and in C.

There is a trade-off between using more standard packages and getting

the very best performance. If one really wants to exploit the computer

power available, then writing in C or in Fortran may be the best strategy;

there are standard reference books like [Press et al. (2002)] to help write

fast and efficient code. The downside of this approach is that it may be very

difficult to make stand-alone packages work with each other; one may spend

more time fiddling with the output of one program to make it acceptable as

input to the next than actually solving the problem. Also, even a relatively

unspecialized general package may be faster than a specially-written piece

of code that has not been optimized.

7.5 Discussion of computation

7.5.1 Computation today

We live in a Golden Age of computational mathematics. Numerical prob-

lems that once seemed completely intractable are now trivial. A good

reference for this section is [Crandall and Pomerance (2005)].
In [Shanks (1993)], page 195, the following quote is given, from Peter

Barlow’s A New Mathematical and Philosophical Dictionary (London,
1814):

[230(231 −1)] is the greatest perfect number known at present, and prob-
ably the greatest that ever will be discovered; for as they are merely
curious, without being useful, it is not likely that any person will at-
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tempt to find one beyond it.

This quote is often used in historical surveys of the literature; it is an
example of a statement (“Clarke’s First Law”) made by the science fiction
author Arthur C. Clarke in [Clarke (1962)], that

[w]hen a distinguished but elderly scientist states that something is pos-
sible, he is almost certainly right. When he states that something is
impossible, he is very probably wrong.

It is not clear what lessons we can learn from the history of such statements

as Barlow’s, except possibly that it is wise not to make unambiguous and

unqualified statements about the future.

A good example of the progress made in computation over the 20th

century is the factorization of the Mersenne number 267 − 1, which was

conjectured to be prime by Mersenne. In 1903 it was shown to be the

product of the primes 193707721 and 761838257287 by F. N. Cole [Cole

(1903)]; he presented this as a (silent) talk at a meeting of the American

Mathematical Society in 1903 (he calculated 267 and subtracted 1 on the

blackboard, then multiplied the two primes together and showed that these

two calculations gave the same answer). This factorization, according to

his account (as reported in the entry for 267 − 1 in [Wells (1998)]), took

3 years of Sundays to find. By comparison, both Magma and Sage on

a modern desktop find the factorization in about a tenth of a second; see

Exercise 3.

Another representative example is given in the answer to Exercise 1.2.4

of [Knuth (1969b)]; an account of the computation of 1000! by Uhler (pub-

lished as [Uhler (1956)]); this was a project spanning several years and

requiring much use of a hand-calculator, but it now takes less than a sec-

ond on a modern laptop computer to compute.

There was also a period of 75 years, between 1876 and 1951, when the

largest known prime number did not change (it was 2127 − 1, which has

39 digits). The advent of the age of electronic computers changed this;

during the last two decades, the largest known prime number changes ap-

proximately every other year. As of 2008, the largest known prime number

is 232582657 − 1, which has just under 10 million digits. For more informa-

tion on prime number records, the Prime Pages [Caldwell (2007)] are an

informative and frequently updated resource.

Computers which are much more powerful than those which helped get

the Apollo missions to the surface of the Moon and back are now routinely

installed in washing machines and mobile phones. However, it is still quite
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important to do calculations in as efficient a manner as possible, in order

to be able to push one’s calculations as far as possible.

Also, many algorithms have an expected running time which is a non-

linear polynomial in some parameter. Inefficiencies in such an algorithm can

multiply and make it very difficult to run the computations in a reasonable

time; one standard problem is that a certain command is in the centre of

a set of nested loops and must therefore be run many times; if this is slow

it will slow down the whole computation. We will now explain what this

means.

7.5.2 Expected running times

The literature often says that an algorithm “runs in polynomial time”.

What does this mean? Here is a formal definition.

Definition 7.1. Let f(x) be a polynomial in x. If n is the degree of f , we

say that f is O(xn) (it is “big O of xn).

Let n be the size of the input to a problem. If the time taken for an

algorithm A to run on this input is a polynomial in n (so is O(nk)) then

we say that A runs in polynomial time, or A is in P , where P is the class

of algorithms that run in polynomial time.

A good example of an algorithm that has only been proved to run in poly-

nomial time recently is primality testing; given an integer n, is n prime

or not? The problem is normally formulated in terms of log(n); the num-

ber of digits of n. In 2002, it was finally proved that primality testing of

integers was in P , by Agrawal, Kayal and Saxena [Agrawal et al. (2004)].

Their original preprint gave a deterministic algorithm that proved primality

unconditionally in time O((log n)12 · f(log log n)), where f is a polynomial.

It is common that the first, pioneering, algorithm given to perform some

computation does not have the best possible running time; this is certainly

true for the AKS algorithm, although it was a superb piece of work and

used comparatively elementary techniques. Indeed, the published version

of their paper has running time O((log n)15/2f(log log n)) (a suggestion of

Hendrik Lenstra helped improve the running time), and there are vari-

ants of their test (such as [Berrizbeitia (2005)]) which have proved running

time O((log n)6) which work for numbers of certain form.

It is important to realize that there are many useful algorithms which are

not deterministic; for instance, the most effective primality tests known are

either not deterministic, or do not have proved bounds. The fastest known
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currently is the elliptic curve primality proving method (ECPP) [Atkin

and Morain (1993)], which has a heuristically estimated running time

of O((log n)4+ε).

There is another class of algorithms which is of great interest; the NP

class ; these are problems for which an answer can be checked in polynomial

time. It can be seen that P is a subset of NP.

One very important example of a problem known to be in NP but not

known to be in P is the problem of factoring an integer N . If we have a

claimed factorization of N as ab, then we can check it in polynomial time by

multiplying a and b together. However, there is no known polynomial time

algorithm for finding a nontrivial a and b. There is a $1, 000, 000 prize on

offer from the Clay Mathematics Foundation for a proof either that P = NP

or that P 6= NP ; this is one of the Millennium Prize Problems (see [Devlin

(2002)] for a gentle introduction to the problems). This particular problem

is interesting even to non-mathematicians because the RSA algorithm for

cryptography relies on the difficulty of factoring an integer N = pq, where p

and q are (unknown!) primes.

7.5.3 Using computation effectively

In Cassels’s book [Cassels (1991)], the following enlightening passage ap-
pears in Chapter 26:

. . . the problem of factorizing an integer n is constructive. All one has
to do is to test all integers m < n1/2 for divisibility. When, say, n has
100 decimal digits, this could take longer than the age of the universe.

If we are to perform calculations, we must carefully choose the method

that we are using; two methods which are equivalent in a theoretical sense

may have very different running times and memory requirements. For

instance, we can write the Fourier expansion of the ubiquitous modular

form ∆ in the following two ways:

∆(q) = η(q)24 = q

∞∏

n=1

(1 − qn)24

=
691

762048

(
E12 − E2

6

)

=
691

762048



(

1 +
65520

691

∞∑

n=1

σ3(n)qn

)
−
(

1 +
∞∑

n=1

σ5(n)qn

)2

 .
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However, because we have to raise one of these to a 24th power and the

other only to a second power, the amount of computational time that we

have to spend on each can be very different.

On the other hand, if we are seeking to perform a strictly limited com-

putation, it may be more reasonable not to optimize our code, if the opti-

mization will be time-consuming and difficult. This is not an exact science;

every case must be considered on its own merits. There is a famous quote

of Donald Knuth, creator of TEX: “Premature optimization is the root of

all evil” ([Knuth]). Another example where practical considerations are

important is in finding bases of eigenforms for spaces of modular forms. It

is quite possible that we can find many choices of Hecke operators {Tp}
which we can use to find a basis of eigenforms (we decompose the space

into eigenspaces for each Tp in turn, until the spaces are all 1-dimensional).

However, we will normally use the Hecke operators T2, T3, T5, . . . in order,

as these are easiest to compute on Fourier expansions.

There are modern books which deal with effective algorithms which can

be implemented on a computer; Cohen’s books [Cohen (1993)] and [Cohen

(2000)] provide details on algorithms which are useful for number theory in

general, and [Stein (2007)] gives details of algorithms for modular forms.

7.5.4 The limits of computation

There are certain areas of the theory of modular forms where computations

can give definitive answers; we can show that two modular forms are or

are not congruent modulo p, or exhibit a basis of eigenforms for a specific

space of modular forms, for instance. However, we cannot prove the general

theorem that Sk(SL2(Z)) has a basis of eigenforms purely by computation.

This is a general theme in mathematics; we can disprove a conjecture by

computation, but we cannot prove general theorems by computing exam-

ples.

One useful feature of spaces of modular forms of weight k that we have

used throughout this book is that they are finite-dimensional, so that one

can, for instance, find the basis of eigenforms with a finite amount of com-

putation. This is not the case for the space of modular functions of weight k,

which is infinite-dimensional. If a modular form vanishes to a sufficiently

high order at ∞, then it must be identically zero, but this is not true for a

modular function; just consider

j(z)−10100

= q10100

+ · · · ;
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we cannot say that a given modular function of weight 0 is zero just be-

cause it has a zero of order 10100 at ∞. For comparison, it is estimated

that there are about 1080 elementary particles in the Universe, so no näıve

computation will be able to detect that this modular function is nonzero.

There are also examples of disproved conjectures which were based on

large amounts of computational evidence, but which do not hold in general.

For instance, there were conjectures of Gouvêa and Mazur on the roots of

the characteristic polynomials of Hecke operators. To state them, we will

need some notation.

Definition 7.2. Let g(x) =
∑n

i=0 aix
i be a polynomial with coefficients

in an extension K of Qp. Let vp be the valuation on K, normalized such

that vp(p) = 1. The p-slopes of g are the slopes of the line segments of the

lower convex hull of the points {(i, vp(ci))}.

If the prime p is clear from the context, we will talk about the slopes of g

without qualification.

Let N be a positive integer. We define d(k, α) to be the number of

roots of the Hecke polynomial Tk acting on modular forms of weight k

and level Np which have slope α. For instance, if N = 1 and p = 3,

then d(12, 2) = 1 and d(12, α) = 0 for all other α, because the Fourier

expansion of the unique modular form in S12(SL2(Z)) begins q − 24q2 +

252q3 + O(q4)..

Conjecture 7.3 ([Gouvêa and Mazur (1992)], Conjecture 1).

Let α be a positive rational number and let k1, k2 be integers such

that k1, k2 ≥ 2α + 2. If k1 ≡ k2 mod pn(p − 1) for some integer n ≥ α,

then d(k1, α) = d(k2, α).

This conjecture was made based upon extensive numerical evidence;

work of Mestre was summarized in section 5 of [Gouvêa and Mazur (1992)],

and in the subsequent work of Wan [Wan (1998)] a weaker version of the

conjecture with k1 ≡ k2 mod pm(n), where m(x) is a quadratic polynomial

depending only on Np. Another system of conjectures was given by Buzzard

in [Buzzard (2005)], and another conceptual system of conjectures was given

by Clay in [Clay (2005)].

However, in [Buzzard and Calegari (2004)], a counterexample was found.

Let p = 59 and N = 1. Then there exists a rational α such that 0 ≤
α ≤ 1 and d(16, α) 6= d(3438, α); as 3438 = 16 + 58 · 59, this means that

the Gouvêa-Mazur conjecture, as currently stated, is false. Buzzard and
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Calegari also found other computational counterexamples.

Another famous number-theoretic example of a numerically testable

conjecture that was eventually proved to be false is the Mertens Conjecture.

Let µ be the Möbius µ function; the Mertens Conjecture is that
∣∣∣∣∣

n∑

k=1

µ(k)

∣∣∣∣∣ <
√

n

for every positive integer n. For every n that has ever been tested explicitly,

this statement is true, but it was proved in [Odlyzko and te Riele (1985)]

that the conjecture is false, although the proof does not give an explicit n

for which it fails. It is known that there is a counterexample with 1014 ≤
n ≤ exp(3.21 × 1064), but this range is far too large to search with current

computers.

7.5.4.1 Explicit examples of limitations

We now consider some examples of how computer algebra systems can give

non-intuitive answers.

For this example, we need to know that the p-adic ring Zp is given by

the direct limit

Zp := lim
←

Z/pkZ

and the Magma command Zero gives the zero element of a ring. A gentle

introduction to the p-adic numbers is given by [Gouvêa (1997)]; we also

note that Zp is the completion with respect to (p) of the ring Z(p) that we

saw in Section 6.1.1. We now run a fairly natural computation:

> Z2:=pAdicRing(2);

> IsZero(Zero(Z2));

false

The issue here is that this particular representation of the 2-adic numbers

is not exact; it does not actually have a zero element, just approximations

to it. We see that a specific request for a zero element returns neither an

error, nor an element which is a true zero.

A more familiar example is that of the real numbers given to a fixed

precision (the floating-point numbers); it can happen that addition fails to

be associative, in the following way. Let us assume that we are working

with floating-point numbers defined to ten decimal digits of precision, and
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wish to compute the sum 1000000001− 1000000003 + 2.511111111. Then

we find that

(1000000001− 1000000003)+ 2.511111111

= −2 + 2.511111111 = 0.511111111

6= 1000000001 + (−1000000003+ 2.511111111)

= 1000000001− 1000000000 = 1.

This follows because there are inaccuracies caused by the loss of precision

when we add the very large and very small numbers together; here this loss

of precision is catastrophic, as our two answers agree to only one decimal

digit of precision.

For more details of exactly how floating-point numbers are represented

within a computer, we refer to Section 4.2.2 of [Knuth (1969a)]; the example

we have just given is based on the one given by Knuth.

7.5.5 Guy’s law of small numbers

Computations also have the problem that they are biased towards “small”

numbers, as the dimension of spaces of modular forms goes up with the

weight and the level. In [Guy (1988)], Guy introduces the notion of the

“Law of Small Numbers”; there are not enough small numbers for all of the

tasks that they are set to do, so that spurious patterns emerge when one

considers insufficiently many members of a set (for instance, a set of spaces

of modular forms).

It may be very hard to gather data on the behaviour of (say) Hecke

algebras of high dimension, as the computations get harder and harder as

the level and weight increase. It can therefore be difficult to work out what

the correct form of a general conjecture should be, based on a finite amount

of experimentation.

An example of this that follows from topics that we have already dis-

cussed is the field of definition of normalized cuspidal eigenforms for SL2(Z).

If we consider weights ≤ 26, then a large majority of these eigenforms have

Fourier coefficients which are rational integers. However, the references

given for Exercise 15 suggest that this is in fact completely atypical, and

that in fact the characteristic polynomials of the Hecke operators are ir-

reducible with Galois group as large as possible (Sn, the symmetric group

acting on n letters, where n is the dimension of the space Sk(SL2(Z))) (this

is Maeda’s Conjecture).
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A more classical example from number theory is the number of primes

of the form 4n + 1 less than x compared to the number of primes of the

form 4n− 1 less than x. If we compute the first two thousand primes then

we see that there are always more primes of the form 4n − 1 than primes

of the form 4n + 1. However, it was proved by Littlewood in [Littlewood

(1914)] in 1914 that there are infinitely many integers x such that this is

reversed; there are more primes of the form 4n + 1 than primes of the

form 4n − 1 less than x. This is a good example of something that could

never be shown by computation, and indeed it would be hard to even come

to the right conjecture by merely computing millions of primes. A gentle

introduction to this subject is available at [Granville and Martin (2006)].

However, there are sometimes unusual circumstances where we can use

computers to prove theorems for us. If, for instance, we know that we

are dealing with a finite-dimensional vector space, or we know that certain

types of relations must hold, then we can prove relations by finding a basis

and then writing one element in terms of another. In [Gosper (1990)],

the computer algebra package Macsyma is used to prove combinatorial

identities such as
∞∑

k=1

30k − 11

4(2k − 1)k3
(
2k
k

)2 = ζ(3) and

∞∑

n=1

2−n

1 + x2−n =
1

log x
+

1

1 − x
,

in the style of Ramanujan.

It can also happen that one has a formal structure in which genuine

proofs can be given by computer. In [Wilf (2006)], a fascinating intro-

duction to the world of generating functions is given; a method called the

“Snake Oil Method” is introduced, which can give genuine although some-

times rather unilluminating proofs of combinatorial identities.

It should also be noted that computations can help to gather data

to support conjecture; given enough data one can hope to find at least

the shape of the correct result. There are books like [Rodriguez Villegas

(2007)] which discuss the status of number theory as an “experimental sci-

ence”, in the words of Lehmer and Cassels. A very good example of this

is given by the Birch–Swinnerton-Dyer Conjecture, as we mentioned ear-

lier (see Section 20.5 of [Ireland and Rosen (1990)] for some background

reading, and [Birch and Swinnerton-Dyer (1965)] for the original paper),

where evidence gained from the EDSAC computer at the University of Cam-

bridge helped to motivate the initial form of the conjecture. The Birch–

Swinnerton-Dyer Conjecture is another of the Millennium Prize Problems,

which means that there is a $1, 000, 000 prize on offer for a proof of it.
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7.5.6 How hard is it to calculate Fourier coefficients of

modular forms?

The Fourier coefficients of modular forms are interesting to us for arithmetic

reasons; it is useful to know how difficult it is to calculate them and what

knowledge of the Fourier coefficients is equivalent to.

For instance, if p and q are prime numbers and we know the (pq)th

Fourier coefficient of the normalized Eisenstein series Ek then we can fac-

torize pq, and vice versa. This follows because

σk−1(pq) = 1 + pk−1 + qk−1 + (pq)k−1,

so we can extract pk−1 + qk−1 from this by subtracting 1 + (pq)k−1. We

then find the two roots of the polynomial x2 − (pk−1 + qk−1) · x + (pq)k−1,

which are pk−1 and qk−1. From these we can easily take (k − 1)th roots,

obtaining p and q. The converse is much easier; if we know p and q then

we can clearly compute pk−1 and qk−1 and hence σk−1(q). More generally,

knowing the nth Fourier coefficient of Ek is equivalent to being able to

factor n, in that given one there is a polynomial-time algorithm to find the

other.

These are not strictly modular forms results, as they depend on argu-

ments from the theory of arithmetic functions, but they do show us that

computing the (pq)th coefficient of a modular form is at least as hard as

factoring pq, because f could be a linear multiple of Ek.

In [Edixhoven et al. (2006)] it is proved that if p is a prime then one

can compute τ(p) using a probabilistic algorithm with expected running

time polynomial in p. This had long been suspected to be true. It is not

known if there is a faster way of computing τ(n) than factoring n and

then computing τ(pm) for every pm||n. Their research project aims to find

a deterministic algorithm and extend this work to other modular forms

with similar properties, such as the normalized cusp forms for SL2(Z) of

weights 16, 18, 20, 22 and 26.

7.6 Exercises

For some of these questions, you may have to look up commands in the

Magma, Sage or Pari documentation, which are all available online.

(1) Work out how large a collection of mathematical tables printed on paper

would have to be in order to weigh two stones or two hundredweight

(a British hundredweight is 112 pounds in weight).
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(2) Research the growth of the largest prime number over time, and con-

sider how computation will change in the future. You may find the

Prime Pages ([Caldwell (2007)]) a useful resource for this question.

(3) Using a variety of algebra packages, find the factorization of 267 − 1,

and see how long each takes to finish the computation.

7.6.1 Magma

(4) Think of several ways to check MacMahon’s computation of p(200), and

implement them. Verify your computation with NumberOfPartitions.

What happens if you try to compute this with #Partitions(200)?

(5) Use Magma to find congruences modulo p between Eisenstein series

and cuspidal eigenforms of level 1. You may wish to proceed as follows:

(a) Find spaces M of modular forms of dimension 2.

(b) Find a basis of eigenforms for M to an appropriate precision.

(c) Spot what the congruences must be by examining the first few

coefficients of the eigenforms.

(d) Construct a PowerSeriesRing over an appropriate FiniteField

and use this to check that the difference d of the Eisenstein series

and the cuspidal eigenform vanishes modulo p.

(e) Find the Sturm bound for the weight and level and conclude that d

must vanish completely.

(6) In this question, we will illustrate an example given in Section 7.5.3.

(a) Choose a positive integer N .

(b) Using the Eisenstein command, compute the coefficients of the ∆

function up to precision O(qN ). (You will need to define a

PowerSeriesRing also).

(c) Using the DedekindEta command, compute the coefficients of

the ∆ function up to precision O(qN ).

(d) Gather data on how long Magma takes to compute ∆ in each of

these two ways, using the time command or otherwise.

(7) Test the Shimura-Taniyama-Weil conjecture in the following way:

(a) Compute the space of modular forms of level N and weight 2 for

some N . Find the newforms f of that level which have coefficients

in Q.

(b) Find the number of isogeny classes of elliptic curves E of conduc-

tor N .
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(c) Show that there are pairs (E, f) such that the trace of E over Fp

is equal to the pth coefficient of f (up to some reasonable bound).

(8) By considering spaces of modular forms of level 4 and even weight k,

investigate how many representations of an integer there are as a

sum of 2k squares. You may wish to consider Glaisher’s approach

in [Glaisher (1907a,b,c)].

(9) For a more open-ended challenge, consider how you would write a pro-

gram that computed the Petersson scalar product 〈f, g〉 on spaces of

modular forms in terms of 〈f, f〉 for f an eigenform.

(a) Let us assume that we are dealing with Mk(SL2(Z)). First, check

that at least one of f and g is a cusp form. Deal with the case when

they are both non-cuspidal.

(b) Next, deal with the case when exactly one of the forms is non-

cuspidal.

(c) Use the fact that Sk(SL2(Z)) has a basis of eigenforms to write f

and g as a sum of eigenforms.

(d) Finally, use the linearity and antilinearity properties of the scalar

product to write 〈f, g〉 in terms of the scalar product acting on

eigenforms.

How would you extend this to spaces of modular forms for other con-

gruence subgroups?

(10) Use Magma to compute with spaces of half-integral weight modular

forms.

(11) More generally, use Magma to compute spaces of modular forms,

and familiarize yourself with its handling of modular forms. Use the

DirichletGroup command to create Dirichlet characters and then use

these to define spaces of modular forms Mk(Γ0(N), χ) for some choices

of N and χ.

(12) Investigate the “verbose” option in Magma. Enable verbose printing

for the Factorization command, and see what techniques Magma

uses to factorize an integer.

7.6.2 Sage

(13) Investigate congruences between the two eigenforms in S2(Γ0(37)) using

Sage. Find other congruences.

(a) We first compute the two eigenforms using Sage.
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(b) Then we compute their Fourier expansions to a suitable precision;

choose such a precision and justify it.

(c) Look at the difference of their Fourier expansions and see if there

is a prime number which divides every term of the difference.

(14) Use Sage to investigate the Ramanujan-Petersson conjecture; compare

the size of coefficients of cuspidal eigenforms with those of Eisenstein

series.

(a) Choose a level and a weight and compute a basis for the Eisenstein

series, and compute some cuspidal modular forms.

(b) Can you see a difference between the cuspidal and non-cuspidal

modular forms “by eye”? Are the coefficients of each genuinely

different?

(c) Now choose a level and weight such that there are several Eisenstein

series with nonzero constant coefficient. Choose a linear combina-

tion f of these which has no constant coefficient. How big are the

coefficients of f?

(15) Investigate Maeda’s Conjecture, that the characteristic polynomials of

the Hecke operators Tp acting on Sk(SL2(Z)) are irreducible over Q.

(a) Look up the literature; Buzzard’s paper [Buzzard (1996)], the pa-

per of Conrey, Farmer and Wallace [Conrey et al. (2000)], and the

paper of Farmer and James [Farmer and James (2002)]. Repeat

the computations in these papers.

(b) Choose other weights k and primes p and check that the character-

istic polynomials of the Hecke operators Tp acting on Sk(SL2(Z))

are irreducible, by first computing the space of cuspforms and then

factoring the characteristic polynomials.

(c) Show that the Galois group of the polynomials is always the full

symmetric group. You may wish to use the techniques in Buzzard’s

paper to help with this, once the dimension gets large enough.

(d) Find out how long each of these computations takes, using the time

command.

(16) As with Magma, investigate spaces of modular forms using Sage; com-

pare and contrast its handling of modular forms to that of Magma.

Make yourself familiar with its capabilities. Investigate the built-in

methods that are included with a space of modular forms.

(17) Investigate Sage scripts, and write some yourself.

(18) Use the Sage plot command to produce graphical output; for instance,

replicate Figure 5.1. (The code used is given in the Hints and Solutions
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section at the back of the book).

7.6.3 Pari

(19) Use Pari to compute η-products and η-quotients, and compare the

Pari function eta with the Magma function DedekindEta. Can you

construct a way to time these functions?

(20) Use the plot, ploth and psploth commands to produce plots with

Pari. In particular, duplicate Figure 7.2. (The code can be found in

the Hints and Solutions section at the back of the book).

(21) (This question comes from Section 8 of the Pari tutorial [Batut et al.

(2000–2006)]). In this question we will see that strange things can hap-

pen when we attempt to do computations with floating-point numbers.

(a) Compute the GCD of x^3-1 and x^3 + x^2 + x - 3 using the

gcd command.

(b) Now compute the gcd of x^3-1.0 and x^3 + x^2 + x - 3.

(c) Is this an appropriate answer? Justify your reasoning.

(22) Use Pari to compute the first 10 nonzero Bernoulli numbers Bn as

both rational numbers and real numbers.

7.6.4 Maple

(23) Download QSERIES and experiment with it. Compare and contrast

Maple with Magma and Pari — which do you find easier to use for

which sets of tasks?

(24) Choose a modular form f ∈ Mk(SL2(Z)). Use the solve command to

write f as a polynomial in E4 and E6 in the following way:

(a) Write down all of the Ea
4 · Eb

6 with 4a + 6b = k. Compute their

Fourier expansions to a suitable precision.

(b) Find a set of simultaneous expressions in the coefficients of the

expansion

f =
∑

4a+6b=k
a,b in N

ca,b · Ea
4 · Eb

6

and solve them.
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Appendix A

Magma code for classical modular

forms

Here we present some examples of Magma intrinsics to illustrate the dis-

cussions of Section 7.2.2. To use these, save the intrinsics as a text file

(called, say, AppendixA.m) in Magma’s working directory, then use the

Attach command to attach the intrinsics.

intrinsic ModularFormsDerivative(f::ModFrmElt) -> ModFrmElt

{This computes the \partial_k map from M_k to M_(k+2)}

n:=Dimension(Parent(f))+1;

PSR<q>:=PowerSeriesRing(BaseRing(Parent(f)),n);

E2:= 1-24*&+[q^i*&+Divisors(i): i in [1..n]];

fourierseries:=PSR!(12*q*Derivative(qExpansion(f,n))\

-E2*Weight(f)*qExpansion(f,n));

return ModularForms(Level(f),Weight(f)+2)!fourierseries;

end intrinsic;

intrinsic ModularFormsDerivative(f::ModFrmElt,M::ModFrm)

-> ModFrmElt

{This computes the \partial_k map from M_k to M_(k+2)}

n:=Dimension(Parent(f))+1;

PSR<q>:=PowerSeriesRing(BaseRing(Parent(f)),n);

E2:= 1-24*&+[q^i*&+Divisors(i): i in [1..n]];

fourierseries:=PSR!(12*q*Derivative(qExpansion(f,n))\

-E2*Weight(f)*qExpansion(f,n));

return M!fourierseries;

end intrinsic;
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Appendix B

Sage code for classical modular forms

We recall that Sage uses Python syntax for programming. One of the

interesting results of this is that whitespace is significant; it is used to

delimit loops, and we see that the for loops in E2q are indented.

def E2q(n):

PSR.<q>=PowerSeriesRing(QQ)

temp=1

for i in range(1,n):

divs=divisors(i)

for j in range(0,divs.__len__()):

temp=temp-24*divs[j]*q^i

return temp

def ModularFormsDerivative(f,k,n):

PSR.<q>=PowerSeriesRing(QQ)

e2q=E2q(n)

fourierseries=12*q*f.derivative()-e2q*k*f

return fourierseries+O(q^(n+1))
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Appendix C

Hints and answers to selected

exercises

Chapter 2

Exercise 6: For the first part, show that every cusp of the form a/b

with (b, p) = 1 is equivalent to 0 and that every cusp of the form a/b

with (b, p) = p is equivalent to ∞. For the second part, the cusps are

all equivalent to one of 1/1 (odd numerator, odd denominator), 0/1 (even

numerator, odd denominator) or ∞ (odd numerator, even denominator);

show this by checking that the action of Γ(2) preserves these three classes.

Exercise 8: In Figure C.1, we see a fundamental domain with a visible cusp

at 0.

Exercise 11: the index is

N
∏

p|N

(
1 − 1

p

)
;

this can be shown by showing that the quotient is isomorphic to (Z/NZ)×.

Exercise 13: if we do not impose the extra condition and just con-

sider αΓα−1, then we may not have matrices with integer entries; con-

sider α ( 1 0
1 1 ) α−1, where α = ( 4 0

0 1 ).

Exercise 14: the reason that ∂12∆ = 0 is because ∂k maps cusp forms to

cusp forms, and S14(SL2(Z)) = 0.

Exercise 17: by Proposition 2.9, we see that E2 is holomorphic on H and

at ∞, and because it has a Fourier expansion in terms of q we only need

to check that E2
2 − θ(E2) transforms correctly under the action of

(
0 −1
1 0

)

to show that it transforms correctly under all of SL2(Z). This can be done

directly by using the transformation relation from Proposition 2.9.

Exercise 18: the generalization of this result follows by explicit computa-

tion. For the second part, there is no reason in general that ∂k(f) should

be a cusp form in general; it is only guaranteed to have a cusp at ∞.
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Fig. C.1 A fundamental domain for SL2(Z) with a visible cusp at 0

Chapter 3

Exercise 1: this is a standard argument; we first prove the result for all

modular forms of weight less than or equal to 12, fix an integer k, and write

our modular form of weight k as the sum of a cusp form and a product c ·
Ea

4Eb
6, and then use an induction argument on k.

Exercise 4: Let f be a nonzero cusp form. For the first part, take the

modular form f(qN ), for N arbitrarily large. For the second part, take the

modular form f(q)N , again with N arbitrarily large.
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Chapter 4

Exercise 2: Consider, for example, the modular form ∆(q2) as a modular

form in S12(Γ0(2)).

Exercise 5: one way to tackle this is to consider spaces of cuspforms of

dimension 2; we find that the eigenvalues of T2 and T3 acting on the

space S14(Γ0(2)) are all even integers; in particular, the matrix ( 1 0
0 1 ) is

not in the algebra generated by T2 and T3, but it is in the algebra which

also has T1 as a generator.

Exercise 6: The Hecke algebra TZ(S2(Γ0(37))) is

{(a, b) : a, b ∈ Z| a ≡ b mod 2}.

The Sturm bound in this case is 7.

Exercise 10: the Ramanujan-Petersson conjecture gives us a bound on the

coefficients of a cusp form; the coefficients of E∗2 are much larger than this.

This is possible because E∗2 is not a cusp form; it does vanish at ∞, but

not at the other cusp 0. The congruence subgroup Γ0(p) has more than

one cusp, so the fact that F vanishes at ∞ does not automatically make it

a cusp form.

Exercise 2: We have seen that Γ0(2) has two cusps, so there can be two

Eisenstein series which each vanish at one cusp. The modular forms E4

and (E∗2 )2 are both not cusp forms, and differ in their orders of vanishing

at various points.

Exercise 11: if both f and g vanish at ∞, then their product will have a

double zero at ∞; this will prevent it being an eigenform. Examples of

eigenforms that are products of eigenforms are ∆16 = ∆ · E4 and E10 =

E6 · E4.

Exercise 12: if we have a nonzero cusp form f of weight 1, then f2 is a

modular form of weight 2 whose Fourier expansion at ∞ begins q2 +O(q3).

This is not an eigenform; in particular, T2(f
2) will have Fourier expansion

beginning q+O(q2). This gives us two linearly independent modular forms,

and therefore the dimension of the space of weight 2 forms is at least 2.

Exercise 16: if the congruence subgroup Γ contains −I then there can be

no nonzero forms of odd weight.

Exercise 21: we can use the dimension formulae to deal with the even weight

case, and the fact that there are no other odd characters modulo 2 or 4 to

deal with the even weight case.
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Chapter 5

Exercise 2: the level here is Γ0(8); the dimension of the space of Eisenstein

series is 3, and there are no cusp forms. A basis for the space of modular

forms is given by {E2(q) − 2E2(q
2), E2(q) − 4E2(q

4), E2(q) − 8E2(q
8)}.

Exercise 4: the dimension here is 2 and the Sturm bound is 1.

Exercise 5: a set of coset representatives for Γ(2) in PSL2(Z) is given

by {( 1 0
0 1 ) ,

(
0 1
−1 1

)
,
(−1 1
−1 0

)
}. The function λ is not a modular function

for Γ1(2) because it does not have a Fourier expansion in terms of q at

the cusp ∞, and it is not a modular form because it has weight 0 and is

not a constant.

Exercise 6: the set {E4(q), E4(q
2), E4(q

4)} is a basis for M4(Γ0(4)). The

space of cusp forms has dimension 0.

Exercise 9: the identities are

j =
(j2 + 256)3

j2
2

and j2 =
j2
4

j4 + 16
.

Exercise 10 We give an example for p = 2. The formula for j2(q) is

j2(q) = 21493760 · Φ(q) + 19730006016 · Φ(q)2

+ 3298534883328 · Φ(q)3 + 140737488355328 · Φ(q)4.

We also need to check that jp(q) is a modular function itself. This follows

because if f is a modular function of weight k for SL2(Z), then

1

p

p−1∑

i=0

f

(
z + i

p

)

is a modular function of weight k for Γ0(p).

Exercise 11: The nine negative d for which Q(
√

d) has class number one are:

{−1,−2,−3,−7,−11,−19,−43,−67,−163}. Each of these has an “almost

integer” eπd associated to it.

Exercise 12: The identity of weight 12 modular forms is

432000∆ = 691E3
4 − 691E12.

From this, we can reduce everything modulo 691; the terms in 691E3
4 all

vanish, as does the constant term of 691E12. The fact that 432000 ≡
−65520 modulo 691 will then prove the result.

Exercise 15: for the penultimate part, we note that if θ4 contributes any

zeroes to the modular form G6, then θ2 will also contribute those zeroes.

Exercise 17: A suitable elliptic curve of conductor 32 is E : y2 = x3 + 4x.

Exercise 20: Consider q = (1 i), and show that qT Aq = 0. For the final

part, note that the construction still works when k ≡ 3 modulo 4. Evaluate

it to see what happens.
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Chapter 6

Exercise 4: the Eisenstein series can be taken to be E10 and the Sturm

bound for S12(Γ0(11)) is 12.

Exercise 5: one way to do this is to write down a linear combination of

these Eisenstein series and use the fact that the zeroes of E4 and E6 are

distinct.

Exercise 7: we can use dimensional analysis to check that if E(q) is a

modular form then it has the correct weight by counting the number of

variables, and using the results we have on theta functions to show that it

is a modular form for Γ1(12). Using more sophisticated techniques one can

actually show that U2(E(q)) is the Fourier expansion of a modular form

for Γ1(3).

Chapter 7

Exercise 4: one could use the recurrence relation for p(n) given in (5.43),

for instance. Asking for #Partitions(200) is likely to take a very long

time.

Exercise 18: the code used here was

E=EllipticCurve([0,17])

G=plot(E,xmin=-4,xmax=5,rgbcolor=hue(0.5))

P1andP2=line([[-2,-3],[4,9]], rgbcolor=hue(0.3))

P4vertical=line([[4,9],[4,-9]], rgbcolor=hue(0.7))

l1=text(’P1’,(-2.25,-3.25))

l2=text(’P2’,(1.75,5.25))

l3=text(’P1 + P2’,(3.5,-9.25))

H=(G + P1andP2 + P4vertical + l1 + l2 + l3)

H.axes(false)

H.save("ellcurve.eps")

Exercise 20: the code used was

psploth(X=-10,10,abs(X))

Exercise 21: The problem here is that we are trying to take greatest common

divisors over R (the use of 1.0) rather than Z.
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